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ABSTRACT
T h ree  c a s e s  o f  th e  d i s s i p a t i o n  o f  n o c tu m a l l y  form ed s u r f a c e  
i n v e r s io n s  w ere  exam ined  w i th  th e  m e te o r o lo g ic a l  d a ta  from  th e  N a t io n a l  
S e v e re  S to rm s L a b o r a to ry  to w e r. Two o f  th e  c a s e s ,  25 and 28 O c to b e r  
1971 , e x h ib i t e d  d i f f e r e n t  in v e r s io n  b e h a v io r  from  th e  t h i r d .  T h ese  two 
c a s e s  h ad  l a r g e  te m p e ra tu re  f l u c t u a t i o n s  a t  th e  b a s e  o f  th e  i n v e r s io n .  
The mean w ind  p r o f i l e  up to  th e  i n v e r s io n  to p  was a p p ro x im a te ly  an  Ekman 
w ind  s p i r a l .  The t h i r d  c a s e ,  21 O c to b e r  1971 , had  much s m a l le r  te m p e ra ­
t u r e  f l u c t u a t i o n s  i n  th e  i n v e r s io n  and th e  mean w ind  p r o f i l e  h a d  l i t t l e  
re se m b la n c e  to  an  Ekman s p i r a l .
The b e h a v io r  o f  th e  h e ig h t  o f  th e  i n v e r s io n  b a s e  o f  t h e s e  t h r e e  
c a s e s  w as m odeled  n u m e r ic a l ly .  I n c r e a s e d  m ix in g  o v e r  t h a t  c a u se d  by  
p e n e t r a t i v e  c o n v e c t io n  a lo n e  i s  r e q u i r e d  to  a c c o u n t  f o r  th e  i n v e r s io n  
b e h a v io r  i n  th e  f i r s t  two c a s e s .  The t h i r d  c a s e  can  b e  m odeled  w i th  
p e n e t r a t i v e  c o n v e c t io n .  B ecause  o f  t h i s  i t  i s  th o u g h t some ty p e  o f  
b re a k in g  wave i n s t a b i l i t y  i s  r e s p o n s ib le  f o r  th e  l a r g e  te m p e ra tu re  f l u c ­
t u a t i o n s  i n  th e  f i r s t  two c a s e s .
B ased  on th e  mean w ind  p r o f i l e ,  th e  s o u rc e  o f  th e  b r e a k in g  w ave 
i n s t a b i l i t y  i s  s o u g h t  i n  th e  i n f l e c t i o n  p o i n t  i n s t a b i l i t y  o f  t h e  Ekman 
w ind  p r o f i l e .  From th e  to w er d a ta  a  R ey n o ld s  num ber, a  R ic h a rd s o n  num­
b e r ,  th e  a p p ro x im a te  Ekman w ind  p r o f i l e ,  and th e  o r i e n t a t i o n  an d  w ave­
le n g th  o f  th e  te m p e ra tu re  f l u c t u a t i o n s  w e re  e s t im a te d .  T hese p r o v id e d  
in p u t  v a lu e s  to  a n  i n f i n i t e s i m a l  p e r t u r b a t i o n  m odel o f  th e  i n f l e c t i o n  
p o in t  i n s t a b i l i t y .  W ith  th e s e  in p u t  v a l u e s ,  g row ing  p e r t u r b a t i o n s  w ere
iii
p ro d u c e d  i n  th e  m o d el. T h ese  p e r t u r b a t i o n s  o c c u r r e d  a t  a  w avenum ber o f
0 .4 4  on 25 O c to b e r  and 0 .5 5  on  28 O c to b e r  and a t  an  o r i e n t a t i o n  o f  35 
to  th e  l e f t  o f  th e  g e o s t r o p ic  w in d .
I t  i s  th o u g h t  t h i s  a n a l y s i s  shows th e  d e v e lo p m en t o f  a n  Ekman 
w ind  p r o f i l e  u n d e r  s t a b l e  c o n d i t i o n s ;  s e c o n d ly ,  th e  c r e a t i o n  o f  a  l e s s  
s t a b l e  lo w e r  r e g io n  by s u r f a c e  w arm ing ; and t h i r d l y ,  t h e  i n i t i a t i o n  o f  
s t r o n g  m ix in g  a t  i n v e r s io n  b a s e  due  to  i n f l e c t i o n  p o i n t  i n s t a b i l i t y  when 
th e  l e s s  s t a b l e  a i r  r e a c h e s  th e  h e ig h t  o f  th e  i n f l e c t i o n  p o i n t  i n  th e  
w ind  p r o f i l e .  The in te n s e  m ix in g  a t  i n v e r s io n  b a s e  c a u s e s  th e  l a r g e  o b ­
s e rv e d  te m p e ra tu re  f l u c t u a t i o n s .
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INFLECTION POINT INSTABILITY WITHIN AN INVERSION LAYER
CHAPTER I  
INTRODUCTION
T h re e  c a s e s  o f  th e  m o rn in g  d i s s i p a t i o n  o f  n o c t u m a l l y  fo rm ed  
in v e r s io n s  a r e  exam ined  u s in g  d a ta  from  th e  N a t io n a l  S e v e re  S to rm s L ab ­
o r a t o r y  m e te o r o lo g ic a l  to w e r . L a rg e  te m p e ra tu re  f l u c t u a t i o n s  d u r in g  
th e  i n v e r s io n  d i s s i p a t i o n  a p p e a r  i n  t h e  t im e  s e r i e s  d a ta  o f  two o f  th e  
c a s e s ,  25 an d  28 O c to b e r  1 9 7 1 . T hese  f l u c t u a t i o n s  w ere  i n  th e  lo w e r  
p o r t i o n  o f  th e  s h a llo w  i n v e r s io n  l a y e r .  The t h i r d  c a s e ,  21 O c to b e r  1971 , 
h ad  te m p e ra tu re  f l u c t u a t i o n s  w h ich  w e re  much s m a l le r  i n  m a g n itu d e . I n ­
c re a s e d  t u r b u l e n t  m ix in g  a t  th e  i n v e r s i o n  b a s e  i s  th o u g h t  to  be th e  
c a u s e  o f  t h e  l a r g e  te m p e ra tu re  f l u c t u a t i o n s .
The f a c t o r s  c o n t r i b u t i n g  to  t h e  i n v e r s io n  d i s s i p a t i o n  a r e  e x ­
am ined  w i th  a  h o r i z o n t a l l y  hom ogeneous m odel o f  i n v e r s io n  b e h a v io r .  
C o n v e c tiv e  p e n e t r a t i o n  i s  c o n s id e r e d  w i th  a  m odel s i m i l a r  to  th o s e  o f  
T ennekes (1973) and  C arso n  (1 9 7 3 ) . E nhanced  t u r b u l e n t  m ix in g  a t  th e  
i n v e r s io n  b a s e ,  su c h  a s  m ig h t be g e n e r a te d  by  w ind  s h e a r  i n s t a b i l i t y ,  
i s  a l s o  c o n s id e r e d .  Ih e  m odel i s  m o d if ie d  to  i n c lu d e  t h i s  by  u s in g  a  
f i n i t e  d e p th  f o r  th e  m ix in g  r e g io n  i n s t e a d  o f  a n  i n f i n i t e s i m a l  d e p th .
The c o m p a r iso n  o f  th e  m o d e ls , w i th  and  w i th o u t  in c r e a s e d  m ix in g  a t  i n ­
v e r s i o n  b a s e ,  shows t h a t  i n c r e a s e d  m ix in g  o c c u rs  f o r  th e  f i r s t  two c a s e s .
The o b s e rv e d  w ind  p r o f i l e s  s u g g e s t  s h e a r  i n s t a b i l i t y  i s  l i k e l y
i n  th e  i n v e r s io n  r e g io n .  Up t o  th e  to p  o f  th e  i n v e r s io n ,  th e  v e r t i c a l  
p r o f i l e  o f  h o r i z o n t a l  w ind  a p p ro x im a te d  th e  Ekman s p i r a l  s o l u t i o n  to  
th e  b o u n d a ry  l a y e r  e q u a t io n s .  A t th e  i n v e r s io n  to p  th e  w ind  sp eed  
re a c h e d  a  l o c a l  maximum. A p o s s i b l e  m echanism  to  i n i t i a t e  th e  tu r b u ­
l e n t  f l u c t u a t i o n s  i s  so u g jit i n  th e  i n f l e c t i o n  p o i n t  i n s t a b i l i t y  o f  a  
s t r a t i f i e d  Ekman b o u n d ary  l a y e r .  Brown (1970) h a s  a p p l i e d  t h i s  m echa­
n ism  to  th e  e x p la n a t io n  o f  th e  h o r i z o n t a l  r o l l  v o r t i c i e s  t h a t  a r e  o b ­
s e rv e d  i n  th e  a tm o s p h e r ic  b o u n d a ry  l a y e r .  T h e i r  s c a l e  i s  a  h o r i z o n t a l  
w a v e le n g th  o f  one  to  f i v e  k i lo m e te r s  and  a  c h a r a c t e r i s t i c  d e p th  o f  500 
to  3500 m e te r s .  H ow ever, a  s c a l e  a n a ly s i s  o f  th e  b o u n d ary  l a y e r  e q u a ­
t i o n s  shows th e  m echanism  o f  i n f l e c t i o n  p o i n t  i n s t a b i l i t y  m ig h t b e  a p p l i ­
c a b le  to  a  w id e r  ra n g e  o f  b o u n d a ry  l a y e r  phenom ena, p a r t i c u l a r l y  th o s e  
o f  r e s t r i c t e d  v e r t i c a l  e x t e n t .
The o b s e rv e d  i n s t a b i l i t y  i s  th o u g h t  t o  b e  th e  i n c i p i e n t  s ta g e
o f  t h i s  dynam ic i n s t a b i l i t y  t h a t  h a s  b e e n  c o n s id e re d  a s  a  m echanism  f o r
th e  h o r i z o n t a l  r o l l  v o r t i c i e s  i n  th e  p l a n e t a r y  b o u n d a ry  l a y e r  (Brow n,
1 9 7 2 a ; LeM one, 1 9 7 3 ) . The s t r u c t u r e  o f  th e  i n s t a b i l i t y  i s  assum ed to
o c c u r  a s  a  tw o -d im e n s io n a l d i s tu r b a n c e  i n  a y - z  p la n e  ( s e e  T a b le  1 f o r
an  e x p la n a t io n  o f  s y m b o ls ) .  The y  c o o r d in a te  i s  th e  l a t e r a l  h o r i z o n t a l
a x i s  and  z i s  th e  v e r t i c a l  c o o r d i n a te .  The a tm o s p h e r ic  p e r t u r b a t i o n
s t a t e  i s  c o n s id e r e d  to  b e  u n ifo rm  i n  th e  d i r e c t i o n  o f  th e  l o n g i t u d i n a l
a x i s ,  X .  T h is  d i r e c t i o n  o f  u n i f o r m i ty  i s  a t  an  a n g le  from  th e  g e o s t r o p ic
w in d  d i r e c t i o n  ab o v e  th e  b o u n d a ry  l a y e r .  F ig .  1 shows how th e  x  a x i s  i s
r o t a t e d  a n  a n g le  e from  th e  g e o s t r o p ic  w in d , V .
'^ g
An e x a m in a t io n  o f  th e  o b s e rv e d  to w er d a ta  a s s e s s e s  th e  c o m p a ti­
b i l i t y  o f  th e  i n f l e c t i o n  p o i n t  i n s t a b i l i t y  m odel w i th  th e  o b s e r v a t io n s .
NORTH
F ig u re  1 . T ra n s fo rm a tio n  from  th e  c o o r d in a te s  a lo n g  and p e rp e n d ic u la r  
to  th e  g e o s t r o p ic  w ind  to  th e  c o o r d in a te s  o f  th e  d i s tu r b a n c e .  
The d i s tu r b a n c e  i s  o r i e n t e d  a t  an  a n g le  e c o u n te r -c lo c k w is e  
from  V . In  th e  d i s tu r b a n c e  c o o r d in a te s ,  u = V cos^
= V ^ sin  p,, w here  p, = û-e-T ]. °
[I,
I t  shows th e  o b s e rv e d  mean w ind  and  te m p e ra tu re  p r o f i l e s  a r e  i n  e x c e l ­
l e n t  a g re e m e n t w i th  th e  s t r a t i f i e d  Ekman l a y e r  m o d el. To e x p la in  th e  
te m p e ra tu re  f l u c t u a t i o n s ,  a  l i n e a r  i n f i n i t e s i m a l  p e r t u r b a t i o n  m odel o f  
th e  i n f l e c t i o n  p o i n t  i n s t a b i l i t y  i s  u s e d .  The m odel i s  fo rm u la te d  a s  
a n  e ig e n v a lu e  p ro b lem  w here th e  s t r u c t u r e  o f  th e  b o u n d a ry  l a y e r  s p e c i ­
f i e s  th e  c o e f f i c i e n t s  o f  th e  e q u a t io n .  The e ig e n v a lu e  i s  th e  g row th  
r a t e  o f  th e  i n f i n i t e s i m a l  p e r t u r b a t i o n s .  B ecause th e  g ro w th  r a t e  i s  
th e  i n d i c a t o r  o f  s t a b i l i t y  i n  th e  m o d e l, a  s e a rc h  i s  made f o r  th e  
l a r g e s t  g ro w th  r a t e .  The a n g le  e i s  an  im p o r ta n t  p a ra m e te r  i n  d e t e r ­
m in in g  w h e re  th e  l a r g e s t  g row th  r a t e  o c c u r s .  H ow ever, e i s  n o t  a v a i l ­
a b le  from  th e  tow er d a t a .  The te c h n iq u e  u se d  i n  t h i s  s tu d y  i s  to  s p e c i f y  
many v a lu e s  o f  e and  o b se rv e  f o r  e a c h  v a lu e  how w e l l  th e  m odel com pares 
to  th e  known l o c a t io n s  o f  maximum g row th  r a t e .  The r e s u l t s  i n d i c a t e  i n ­
s t a b i l i t y  f o r  in p u t  p a ra m e te rs  d e r iv e d  from  th e  tow er m ea su rem e n ts .
Thus th e  i n f l e c t i o n  p o i n t  i n s t a b i l i t y  o f  a  s t r a t i f i e d  Ekman l a y e r  i s  
a c c e p te d  a s  a p o s s ib l e  s o u rc e  o f  th e  t u r b u l e n t  m ix in g  c a u s in g  th e  tem ­
p e r a t u r e  f l u c t u a t i o n s .
TABLE 1 
NOMENCLATURE
A C o n v e c tiv e  l a y e r  o f  b o u n d a ry  l a y e r .
A  C o e f f i c i e n t  m a t r ix  o f  l i n e a r  b o u n d ary  v a lu e  e q u a t io n .
B M ix in g  l a y e r  b e tw e en  c o n v e c t iv e  l a y e r  and i n v e r s io n  l a y e r .
JB C o e f f i c i e n t  m a t r ix  o f  in n e r  b o u n d a ry  c o n d i t io n s .
^ 1 * ^ 2 ’ * ’ * C o e f f i c i e n t s  o f  boun d ary  c o n d i t io n  e q u a t io n s .
C I n v e r s io n  l a y e r .
C^.Cg C o e f f i c i e n t s  o f  h e a t  f lu x  te rm s .
Cp S p e c i f i c  h e a t  c a p a c i ty  o f  a i r  a t  c o n s ta n t  p r e s s u r e .
CST C e n t r a l  S ta n d a rd  Tim e.
c , c ^ , c ^  P h a se  v e l o c i t y ;  com plex , r e a l ,  im a g in a ry .
*^1’ ^ 2 ’ * "  C o e f f i c i e n t s  o f  th e  6 th  o r d e r  d i f f e r e n t i a l  e q u a t io n .
^  C o e f f i c i e n t  m a t r ix  o f  o u t e r  b o u n d a ry  c o n d i t i o n s .
f  C o r i o l i s  p a ra m e te r .
f ( c )  F u n c t io n  o f  p h a se  v e l o c i t y .
g ,g g  G r a v i ty ;  d im e n s io n a l ,  n o n -d im e n s io n a l
H V e r t i c a l  le n g th  s c a l e .
H ' N o n -d im e n s io n a l h e i g h t  o f  b o u n d a ry  l a y e r  m odel,
h  H e ig h t  o f  i n v e r s io n  b a s e  above s u r f a c e ,
i
K D e g re es  K e lv in .
Eddy c o e f f i c i e n t  o f  t u r b u l e n t  h e a t  e x c h an g e .
K^ Eddy c o e f f i c i e n t  o f  t u r b u l e n t  momentum ex c h an g e ,
k  Number o f  b o u n d a ry  c o n d i t io n s  a t  i n n e r  b o u n d a ry .
L H o r iz o n ta l  le n g th  s c a l e ,
n  O rd e r o f  l i n e a r  b o u n d a ry  v a lu e  e q u a t io n .
P R e fe re n c e  a tm o s p h e r ic  p r e s s u r e .
P r  P r a n d t l  num ber,
p A c tu a l  a tm o s p h e r ic  p r e s s u r e ,
q F re q u e n c y .
TABLE 1 (continued)
R Gas c o n s ta n t  o f  d ry  a i r .
Re R ey n o ld s  num ber.
R i^ ,R i^  R ic h a rd s o n  num ber; b u l k , l o c a l .
Ro R ossby  num ber.
I  A ir  te m p e ra tu re ,
t  Time c o o r d in a te ,
t *  Time s c a le  o f  b r e a k in g  w ave,
u X com ponent o f  w in d .
u^ X com ponent o f  w ind  i n  d i s tu r b a n c e  c o o r d in a te s .
u ' Component o f  w ind in  th e  d i r e c t i o n  o f  V .
o
A c tu a l  w ind ; v e c t o r ,  m a g n itu d e .
G e o s tro p ic  w ind ; v e c t o r ,  m a g n itu d e .
V. V a t  th e  i n f l e c t i o n  p o i n t ,ip  o
ÔV/ÔZ. V e r t i c a l  s h e a r  o f  v  a t  th e  i n f l e c t i o n  p o i n t ,ip  o
V  y  com ponent o f  w in d .
v^  y  com ponent o f  w ind  in  d i s t u r b a n c e  c o o r d in a te s ,
v^ Component o f  w ind i n  th e  d i r e c t i o n  p e r p e n d ic u la r  to
M ag n itu d e  o f  
w z com ponent o f  w in d .
X  O r th o g o n a liz e d
X L o n g i tu d in a l  h o r i z o n t a l  c o o r d in a te  a x i s .
Y. M a tr ix  o f  cp and i t s  d e r i v a t i v e s ,
y  L a t e r a l  h o r i z o n t a l  c o o r d in a te  a x i s .
^ l ’^ 2 ’^ l ( l )  * '  E le m e n ts  o f  m a t r i x ^ .
Z  O r th o n o rm a liz e d
H e ig h t  o f  i n f l e c t i o n  p o i n t ,  
z V e r t i c a l  c o o r d in a te  a x i s .
Ct , ( x *  W avenum ber.
3 S u b s id e n c e  p a ra m e te r .
S u p e r p o s i t io n  c o e f f i c i e n t s .
Y L ap se  r a t e  o f  p o t e n t i a l  t e m p e r a tu r e .
Y' O r th o g o n a l iz a t io n  c r i t e r i a  a n g le .
TABLE 1 (continued)
A D i r e c t io n  o f  g e o s t r o p ic  w in d .
Ah T h ic k n e ss  o f  i n v e r s io n  i n t e r f a c i a l  m ix in g  l a y e r .
A0 I n v e r s io n  s t r e n g t h .
6 Ekman d e p th ,
e O r i e n t a t i o n  a n g le  f r o m jjg .
7| D i r e c t io n  o f  a c t u a l  w in d .
@ P o t e n t i a l  te m p e ra tu re  o f  c o n v e c t iv e  l a y e r .
© O bserved  p o t e n t i a l  te m p e ra tu re  o f  c o n v e c t iv e  l a y e r .
0  R e fe re n c e  te m p e r a tu r e .
0 P o t e n t i a l  te m p e r a tu r e .
0^ P o t e n t i a l  te m p e ra tu re  o f  i n v e r s io n  l a y e r .
0^ R e fe re n c e  p o t e n t i a l  t e m p e ra tu re .
X W av elen g th .
H A ngle b e tw e en  x  a x i s  and  V.
n N o n -d im e n s io n a l p r e s s u r e  p a ra m e te r .
TT P i .
P’ Pm’ Po d e n s ity .
~p R e fe re n c e  a i r  d e n s i t y .
T A m plitude  o f  te m p e ra tu re  p e r t u r b a t i o n .
^  M a tr ix  o f  çp and  i t s  d e r i v a t i v e s ,
cp A m plitude  o f  s t r e a m f u n c t io n  p e r t u r b a t i o n .
X A sp ec t r a t i o .
^ S tre a m fu n c tio n .
CHAPTER I I  
OBSERVATIONS FROM THE TOWER
The N a t io n a l  S e v e re  S to rm s L a b o r a to ry  m e te o ro lo g ic a l  to w e r 
f a c i l i t y  i s  on  th e  WKY-TV t e l e v i s i o n  t r a n s m i t t i n g  to w e r . The to w e r 
i s  on th e  n o r th e r n  s id e  o f  Oklahoma C i ty ,  Oklahoma am id a  r u r a l  a r e a  
o f  s l i g h t l y  r o l l i n g  t e r r a i n .  I n  1 971 , s e v e n  l e v e l s  w ere i n s t r u m e n te d .  
T a b le  2 g iv e s  th e  h e i g h t  above g round  f o r  each  o f  th e s e  l e v e l s .
TABLE 2
HEIGHTS OF INSTRUMENTED LEVELS ON NSSL TOWER 
L e v e l H e ig h t (m e te rs )
0 2 6 .0
1 4 3 .7
2 8 9 .5
3 1 7 6 .3
4 2 6 5 .5
5 3 5 5 .6
6 4 4 3 .8
The in s t r u m e n ts  on th e  to w er a r e  m ounted on booms w hich  e x te n d  to  th e  
s o u th w e s t .  F o r  t h i s  s tu d y ,  w ind  and  te m p e ra tu re  m easu rem en ts w ere  r e ­
c o rd e d  by  a  d i g i t a l  sy s te m  and made a v a i l a b l e  f o r  s tu d y  i n  th e  fo rm  o f  
m a g n e tic  t a p e .  C om plete  d e s c r i p t i o n s  o f  th e  tow er s i t e  and  in s t r u m e n ta ­
t i o n  a r e  g iv e n  by  S a n d e rs  and  W eber (1970) and  C a r te r  (1 9 7 0 ) .
The w ind  and te m p e ra tu re  f e a t u r e s  o b se rv e d  on th e  to w e r d u r in g  
th e  m o rn in g s  o f  25 and  28 O c to b e r  1971 w ere  v e r y  s i m i l a r .  A n o c tu r n a l  
i n v e r s io n  o f  s e v e r a l  h u n d red  m e te rs  d e p th  was p r e s e n t  a t  s u n r i s e .  Sub­
s e q u e n t ly  b o th  th e  b a s e  and th e  to p  o f  th e  i n v e r s io n  l a y e r  move upw ard
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w ith  t im e ,  f i n a l l y  p a s s in g  above th e  to w er to p .  A t s u n r i s e  th e  w ind p r o ­
f i l e  th ro u g h  much o f  th e  to w e r l a y e r  h a s  th e  a p p ro x im a te  sh a p e  o f  an  
Ekman w ind  s p i r a l .  N ear th e  in v e r s io n  to p ,  th e  w ind  sp e e d  re a c h e d  i t s  
maximum v a lu e .  D u rin g  th e  tim e  th e  i n v e r s io n  was r i s i n g ,  th e  w ind  p ro ­
f i l e  changed  such  t h a t  t h i s  w ind  sp e e d  maximum rem a in ed  c o in c id e n t  w ith  
th e  i n v e r s io n  to p .
On 21 O c to b e r  1971 th e  w ind  and  te m p e ra tu re  a r e  som ew hat d i f ­
f e r e n t .  The in v e r s io n  p e r s i s t s  a t  th e  lo w e r l e v e l s  o f  th e  to w e r  f o r  an  
h o u r  lo n g e r  th a n  on 25 and  28 O c to b e r . The w ind  sp e e d  i s  a b o u t  h a l f  
t h a t  o f  th e  o t h e r  two c a s e s  and th e  p r o f i l e  h a s  l i t t l e  re s e m b la n c e  to  
th e  Ekman s p i r a l .  T h e re  i s  a  sp e ed  maximum i n  th e  p r o f i l e  t h a t  i s  
c o in c id e n t  w i th  th e  i n v e r s io n  to p ,  h o w ev er.
The te m p e ra tu re  s t r u c t u r e  and  th e  b e h a v io r  o f  th e  i n v e r s io n  f o r
e a c h  o f  th e  th r e e  c a s e s  w i l l  now b e  ex am in ed . The d i f f e r e n c e s  and  sim ­
i l a r i t i e s  b e tw een  them  w i l l  p o in t  o u t  th e  anom aly o f  th e  l a r g e  tem p e ra ­
t u r e  f l u c t u a t i o n s .
The s y n o p t ic  s i t u a t i o n  f o r  25 O c to b e r  1971 h a s  a  c o ld  f r o n t
m oving from  th e  C olorado-N ew  M exico a r e a ,  becom ing s t a t i o n a r y  i n  th e
T exas-O klahom a p a n h a n d le s  by  m idday . To th e  e a s t  a  s u r f a c e  h ig h  p r e s ­
s u r e  r id g e  e x te n d e d  n o r th  from  L o u is ia n a  to  th e  G re a t  L akes c a u s in g  
s o u th e r ly  w inds o v e r  O klahom a. S c a t t e r e d  c i r r u s  d u r in g  th e  m orn ing  
in c r e a s e d  i n  e x t e n t  th ro u g h  th e  d a y .
B e fo re  s u n r i s e ,  a b o u t  0645 CST on 25 O c to b e r 1971 , an  i n v e r s io n  
e x te n d e d  from  th e  s u r f a c e  to  b e tw een  l e v e l s  4 and 5 o f  th e  to w e r .  The 
tim e  h i s t o r y  o f  t h i s  in v e r s io n  i s  shown in  F ig .  2 . The d o t s  i n d i c a t e  
th e  b e g in n in g  and  end o f  in v e r s io n  l a p s e  r a t e s  b e tw een  th e  to w e r  l e v e l s .
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Figure 2 . Time series of temperature 25 October 1971. The o indicate the beginning and the •
indicate the end of an inversion lapse rate between the tower levels.
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The i n v e r s io n  b a s e  h ad  l i f t e d  from  th e  s u r f a c e  by  0730 CST, w h i le  th e  
in v e r s io n  to p  h a d  moved above th e  to p  o f  th e  to w er by  0855 CST. A lso  
b e fo r e  s u n r i s e  t h e r e  was a  l o w - le v e l  w ind  sp eed  maximum a t  l e v e l  4 .
F ig .  3 show s t h i s  and  th e  te m p o ra l c h a n g e s  o f  th e  v e r t i c a l  p r o f i l e  o f  
h o r i z o n t a l  w in d  s p e e d . The lo w - le v e l  w ind  maximum moved upw ard i n  
su ch  a  m anner a s  to  s t a y  c o in c id e n t  w i th  th e  i n v e r s io n  to p .  B la c k a d a r  
(1957) showed t h i s  to  be a  n e c e s s a r y  c o n d i t io n  i f  th e  i n v e r s io n  i s  to  
a v o id  c h a o t i c  d i s s i p a t i o n .
A nom alous te m p e ra tu re  f l u c t u a t i o n s  a p p e a r  in  th e  l e v e l  4 tem­
p e r a t u r e  tim e  s e r i e s  s t a r t i n g  a t  0730 CST. They c o n tin u e d  a t  t h i s  
l e v e l  u n t i l  0830 CST. F ig .  2 shows th e s e  te m p e ra tu re  tim e  s e r i e s  a t  
l e v e l s  3 to  6 f o r  0606-1806 CST. The l a r g e  f l u c t u a t i o n s ,  f o r  th e  m ost 
p a r t ,  a p p e a r  a t  o n ly  one l e v e l  a t  a tim e  and  move upw ard w ith  th e  i n v e r ­
s io n .  The tro u g h  to  c r e s t  a m p litu d e  o f  th e  f l u c t u a t i o n s  i s  a p p ro x im a te ly  
1 K, w h ic h  i s  much l a r g e r  th a n  th e  te m p e ra tu re  f l u c t u a t i o n s  a t  th e  o th e r
l e v e l s  a t  th e  same t im e . The a p p e a ra n c e  o f  th e s e  anom alous f l u c t u a t i o n s
i s  v e ry  d i f f e r e n t  from  th e  f l u c t u a t i o n s  a s s o c i a t e d  w i th  th e  c o n v e c t iv e  
a c t i v i t y  o f  t h e  a f t e r n o o n .
The i n v e r s io n  to p  p a s s e d  above  l e v e l  5 a t  a p p ro x im a te ly  0740 CST 
and l e v e l  6 a t  0900 CST. The in v e r s io n  b a s e  p a s s e d  l e v e l  4 a t  0910 CST, 
l e v e l  5 a t  0940 CST, and l e v e l  6 a t  1010 CST. A c o m p a riso n  w i th  th e  
te m p e ra tu re  f l u c t u a t i o n  o c c u r r e n c e  show s th e  te m p e ra tu re  f l u c t u a t i o n s  
a r e  n e a r  th e  in v e r s io n  b a s e .  A t l e v e l  4 th e  f l u c t u a t i o n s  e x i s t  from  0730 - 
0840 CST, a t  l e v e l  5 from  0830-1015  CST, and a t  l e v e l  6 from  0 9 40 -1050  CST.
F o llo w in g  th e  r i s e  o f  th e  in v e r s io n  b a s e  above th e  to w er to p  a t  1010 CST,
th e  te m p e ra tu re  b e g in s  th e  n o rm a l d i u r n a l  v a r i a t i o n .  C o n v e c tiv e  te m p e ra tu re
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F ig u re  3. V e r t i c a l  p r o f i l e  o f  h o r i z o n t a l  w ind sp eed  f o r  th e  t im e s  I n d ic a te d  on 25 O c to b e r  1971
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f l u c t u a t i o n s  a p p e a r  a t  a l l  l e v e l s  a f t e r  1230 CST and l a s t  th ro u g h o u t 
th e  a f t e r n o o n .
The tim e  s e r i e s  o f  w ind sp e ed  show t h a t  tu r b u le n c e  d e v e lo p e d  in  
th e  h o r i z o n t a l  w ind  a t  a p p ro x im a te ly  th e  same tim e  th e  te m p e ra tu re  f l u c ­
t u a t i o n s  b e g a n . A t th e  u p p e r  l e v e l s  th e  h o r i z o n t a l  w ind was n e a r l y  
la m in a r  u n t i l  th e  i n v e r s io n  b a s e  r o s e  up to  th e s e  l e v e l s .  The tu r b u ­
le n c e  i n  th e  w ind  sp eed  c o n tin u e s  u n t i l  th e  e v e n in g .
The to w er d a ta  o f  28 O c to b e r  1971 w i l l  now b e  d i s c u s s e d  to  
show t h a t  th e  same g e n e ra l  f e a t u r e s  w ere  p r e s e n t  in  th e  b o u n d a ry  l a y e r  
on  t h a t  d a te  a s  on th e  2 5 th .  The m orn ing  o f  28 O c to b e r  1971 f in d s  a  
s t a t i o n a r y  f r o n t  e x te n d in g  from  C o lo ra d o  a c r o s s  K ansas to  M is s o u r i .  
S u r fa c e  w in d s  o v e r  Oklahoma w ere  from  th e  s o u th e a s t  b r in g in g  c o n s id e r ­
a b le  m o is tu re  from  th e  G u lf  o f  M ex ico . Fog was o b se rv e d  o v e r  th e  c e n ­
t r a l  Oklahoma a r e a  u n t i l  1200 CST. Due to  t h i s ,  v ig o ro u s  c o n v e c t iv e  
a c t i v i t y  was r e t a r d e d  u n t i l  th e  a f t e r n o o n ,  much l a t e r  th a n  t h a t  on 25 
O c to b e r .
F ig .  4  shows th e  p r o g r e s s io n  o f  th e  in v e r s io n  th ro u g h  th e  to w er 
l a y e r .  I t s  r a t e  o f  r i s e  i s  o n ly  s l i g h t l y  s lo w e r  th a n  th e  i n v e r s io n  on 
th e  2 5 th .  H ow ever, th e  t r a n s i t i o n  p e r io d  from  in v e r s io n  to  s u p e ra d ia b a t -  
i c  i s  t h r e e  to  f o u r  h o u r s ,  com pared to  one  to  two h o u rs  on 25 O c to b e r .
As on 25 O c to b e r , a t  s u n r i s e  th e  i n v e r s io n  to p  i s  s l i g h t l y  above l e v e l
4 .  The w ind  sp e ed  maximum a t  l e v e l  4  i s  n o t  q u i t e  a s  in te n s e  a s  on th e  
2 5 th ,  b u t  s t i l l  i s  c o in c id e n t  w i th  th e  i n v e r s io n  to p .  The in v e r s io n  
to p  moves upw ard , p a s s in g  l e v e l  5 a t  0830 CST and  th e  to w er to p  a t  0930 
CST. The v e r t i c a l  p r o f i l e s  o f  h o r i z o n t a l  w in d  s p e e d . F ig .  5 , show how 
th e  w ind  sp e e d  maximum r i s e s  a t  th e  same r a t e  a s  th e  i n v e r s io n .
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Figure 4. Time series of temperature 28 October 1971. The o Indicate the beginning and the #
Indicate the end of an inversion lapse rate between the tower levels.
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F ig u re  5. V e r t i c a l  p r o f i l e  o f  h o r i z o n t a l  w ind  sp eed  f o r  t im e s  I n d ic a te d  on 28 O c to b e r  1971.
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The anom alous te m p e ra tu re  f l u c t u a t i o n s  a g a in  b e g in  a t  l e v e l  4 .
T h e i r  i n i t i a l  a p p e a ra n c e  i s  a t  0620 CST an d  th e  f l u c t u a t i o n s  c o n t in u e  a t  
t h i s  l e v e l  u n t i l  0800 CST. F ig .  4 i s  th e  28 O c to b e r  tim e  s e r i e s  o f  tem ­
p e r a t u r e  f o r  l e v e l s  3 to  6 . The p re s e n c e  o f  th e  l a r g e  te m p e ra tu re  f l u c ­
t u a t i o n s  i s  r e v e a le d  a t  l e v e l  5 from  0900 to  1010 CST and a t  l e v e l  6 
from  0915 to  1025 CST. A co m p a riso n  w i th  th e  l o c a t io n  o f  i n v e r s io n  b a s e  
shows a g a in  th e  f l u c t u a t i o n s  o c c u r  s l i g h t l y  above th e  i n v e r s io n  b a s e .
L a m in a r  f lo w  in  th e  h o r i z o n t a l  w in d  i s  p r e s e n t  a t  th e  u p p e r  
l e v e l s  on 28 O c to b e r  a s  i t  was on  25 O c to b e r .  A t th e  tim e  th e  f l u c t u a ­
t i o n s  a r e  i n i t i a t e d  in  th e  te m p e ra tu re  tim e  s e r i e s  th e  h o r i z o n t a l  w ind  
becom es t u r b u l e n t .
On 21 O c to b e r  a h ig h  p r e s s u r e  a r e a  b e tw een  two f r o n t a l  sy s te m s  
was o v e r  th e  p l a i n s .  To th e  w e s t  a  c o ld  f r o n t  e x te n d in g  from  Wyoming 
to  C a l i f o r n i a  moved in to  Oklahoma th e  f o l lo w in g  d a y . To th e  e a s t  a  
c o ld  f r o n t  w as p r e s e n t  from  a  low i n  Iowa t o  w e s te r n  L o u i s ia n a .  S u r ­
f a c e  w in d s  in  Oklahoma i n  th e  m orn ing  w e re  from  th e  n o r th w e s t  u n d e r  
c l e a r  s k i e s .  A f te rn o o n  cum ulus d e v e lo p e d  l a t e r .
The in v e r s io n  on 21 O c to b e r  was som ew hat s h a l lo w e r  th a n  th o s e  
on  25 and  28 O c to b e r .  The to p  o f  th e  i n v e r s io n  a t  s u n r i s e  w as b e tw een  
l e v e l s  2 an d  3 .  A sm a ll w ind sp eed  maximum, s e e n  in  F ig .  6 , i s  c o i n c i ­
d e n t  w i th  th e  in v e r s io n  to p .  The p r o g r e s s  o f  th e  in v e r s io n  d i s s i p a t i o n  
a t  l e v e l s  3 and  4 i s  a b o u t one h o u r  b e h in d  t h a t  on 25 and  28 O c to b e r .
The i n v e r s io n  to p  p a s s e s  l e v e l  4 a t  0823 CST, l e v e l  5 a t  0844 CST and  
th e  to w er to p  a t  0936 CST. F ig .  7 shows when th e  i n v e r s io n  l a p s e  r a t e  
b eg an  and  ended  b e tw een  th e  to w e r l e v e l s .  D e s p i te  th e  l a t e  s t a r t  th e  i n v e r ­
s io n  p a s s e s  above th e  tow er f i v e  to  tw e n ty  m in u te s  l a t e r  th a n  on 28 and
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F ig u re  6 ,  V e r t i c a l  p r o f i l e  o f  h o r i z o n t a l  w ind  sp eed  f o r  t im e s  i n d ic a te d  on 21 O c to b e r  1971.
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Figure 7. Time series of temperature 21 October 1971. The o Indicate the beginning and the •
Indicate the end of an Inversion lapse rate between the tower levels.
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25 O c to b e r .  I t  i s  i n  th e  e a r l y  h o u r s  when th e  r a t e  o f  i n v e r s io n  r i s e  
h a s  a  d i f f e r e n t  b e h a v io r  from  25 and  28 O c to b e r ,
F ig .  7 a l s o  shows th e  tim e  s e r i e s  o f  te m p e ra tu re  on  21 O c to b e r . 
The m o rn in g  h o u r  f l u c t u a t i o n s  a t  l e v e l s  4  and 5 a r e  a b o u t  0 .2  K in  mag­
n i t u d e .  L e v e l 6 does show some l a r g e r  f l u c t u a t i o n s  o c c u r r in g  n e a r  i n ­
v e r s i o n  b a s e ,  b u t  n o t  q u i t e  th e  d e g re e  s e e n  on 25 and  28 O c to b e r .
T h is  co m p ariso n  o f  th e  te m p e ra tu re  tim e s e r i e s  o f  t h e  th r e e  
c a s e s  shows th e  m ag n itu d e  o f  th e  te m p e ra tu re  f l u c t u a t i o n s  a t  i n v e r s io n  
b a s e  f o r  25 and 28 O c to b e r  to  b e  a b o u t  f i v e  tim es  th e  m ag n itu d e  o f  th o s e  
on  21 O c to b e r .  One p o s s ib l e  s o u rc e  o f  th e  f l u c t u a t i o n s  i s  th e  v e r t i c a l  
m o tio n s  c a u se d  by p e n e t r a t i v e  c o n v e c t io n  i n to  th e  s t a b l e  i n v e r s io n  l a y e r .  
L a b o r a to ry  i n v e s t i g a t io n s  o f  p e n e t r a t i v e  c o n v e c t io n  by  D e a r d o r f f ,  W i l l i s ,  
and  L i l l y  (1969) h av e  o b se rv e d  te m p e ra tu re  f l u c t u a t i o n s  a t  th e  in v e r s io n  
i n t e r f a c e .  U ndoub ted ly  t h i s  i s  o c c u r r in g  to  some e x t e n t  i n  th e  c a s e s  
o f  t h i s  s tu d y .  I t  i s  n o t  known i f  p e n e t r a t i v e  c o n v e c t io n  a lo n e  c o u ld  
be r e s p o n s i b le  f o r  th e  l a r g e  m a g n itu d e  o f  th e  te m p e ra tu re  f l u c t u a t i o n s  
s e e n  i n  two o f  th e  c a s e s .
A n o th e r  p o s s ib l e  s o u rc e  o f  t u r b u l e n t  v e r t i c a l  m o tio n s ,  w hich 
can  p ro d u c e  te m p e ra tu re  f l u c t u a t i o n s  a t  th e  i n v e r s io n  b a s e ,  i s  b re a k in g  
w aves g e n e ra te d  by  w ind  s h e a r  i n s t a b i l i t y .  T h is  phenom enon h a s  b een  
o b s e rv e d  by rem o te  s e n s in g  in s t r u m e n t s , e . g . ,  Emmanuel e t  a l . (1 9 7 2 ),
The r e l a t i v e  c o n t r i b u t i o n s  o f  p e n e t r a t i v e  c o n v e c t io n , b r e a k in g  w av es, 
an d  o t h e r  f a c t o r s  i s  exam ined  i n  th e  n e x t  s e c t i o n .  F u r th e r  s tu d y  o f  
th e  to w e r  d a ta  w i l l  come i n  C h a p te r  IV .
CHAPTER I I I  
MODEL OF INVERSION DISSIPATION
The c o n t r i b u t i o n s  o f  th e  v a r io u s  f a c t o r s  to  i n v e r s io n  d i s s i p a ­
t i o n  a r e  d e te rm in e d  by  in p u t in g  d a ta  from  th e  to w e r m easu rem en ts i n t o  
a  m odel o f  i n v e r s io n  b e h a v io r .  The r e l a t i v e  c o n t r i b u t i o n s  o f  p e n e t r a ­
t i v e  c o n v e c t io n  and  a  p a ra m e te r iz e d  b r e a k in g  wave a r e  found  by  a d j u s t ­
in g  t h e i r  in f lu e n c e  i n  th e  m odel u n t i l  th e  o b s e rv e d  i n v e r s io n  b e h a v io r  
i s  p r e d i c te d  by th e  m o d e l.
T h is  m odel o f  a n  i n v e r s io n  i n  th e  p l a n e t a r y  b o u n d a ry  l a y e r  f i r s t  
assum es h o r i z o n t a l  h o m o g e n ity . H o r iz o n ta l  a d v e c t io n  i s  ig n o r e d .  The 
m odel c o n s i s t s  o f  t h r e e  l a y e r s .  T hese a r e  shown i n  F ig ,  8 ,  I n  th e  low ­
e s t  l a y e r .  A, t u r b u l e n t  c o n v e c t io n  o c c u r s .  The l a y e r  h a s  a  p o t e n t i a l  
t e m p e ra tu re ,  0 ,  w h ich  i s  in d e p e n d e n t  o f  z .  The l a y e r  e x te n d s  from  th e  
s u r f a c e  to  th e  b a s e  o f  th e  i n v e r s io n  l a y e r  a t  h e i g h t  h .  The to p  l a y e r ,  
C, h a s  an  i n v e r s io n  l a p s e  r a t e .  I t  i s  assum ed to  b e  f r e e  o f  t u r b u l e n t  
m o tio n s . The g r a d i e n t  o f  p o t e n t i a l  t e m p e ra tu re ,  y ,  i n  t h i s  l a y e r  i s  a 
f u n c t io n  o f  th e  l a r g e  s c a l e  v e r t i c a l  m o tio n . The p o t e n t i a l  te m p e ra tu re  
o f  l a y e r  C i s  d e f in e d  a s
8 g ( z , t )  = 8  ̂ + y ( t ) z .  (1)
Between C and A i s  l a y e r  B. I n  t h i s  l a y e r  o f  th ic k n e s s  Ah th e  w arm er 
a i r  o f  th e  i n v e r s io n  l a y e r  i s  e n t r a in e d  i n t o  th e  c o n v e c t iv e  l a y e r .  A 
te m p e ra tu re  d i s c o n t i n u i t y  e x i s t s  be tw een  0  and  8 ^ , T h is  d i s c o n t i n u i t y
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h+ûh
9
'h+Ah
B
F ig u re  8 . S c h e m a tic  o f  th e  i n v e r s io n  d i s s i p a t i o n  m o d e l. L ayer 
A i s  th e  c o n v e c t iv e  r e g io n .  L a y e r  B i s  t h e  t u r b u l e n t  
i n t e r f a c i a l  m ix in g  r e g io n .  L ay e r C i s  th e  s t a b l e  
i n v e r s io n  l a y e r .
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d e f in e s  th e  in v e r s io n  s t r e n g t h ,  A0, w here
Û0 = 0^ (h +  û h , t )  -  vAh -  ® .  (2 )
P re v io u s  m odels o f  in v e r s io n  d y n am ics , such  a s  T ennekes (1 9 7 3 ) , 
C a rso n  (1973) and B e t ts  (1973) h a v e  assum ed Ah to  b e  z e r o .  T h is  h a s  
p ro d u c e d  a  s a t i s f a c t o r y  m odel o f  p e n e t r a t i v e  c o n v e c t io n ,  b u t  i t  l e a v e s  
no way to  m odel th e  b r e a k in g  wave e f f e c t .  B e t ts  (1974) h a s  s t a t e d  
p a r t s  o f  a  m odel w i th  f i n i t e  Ah. I t  h a s  n o t  b een  f u l l y  d e v e lo p e d , how­
e v e r .
The m odel h e r e i n  i s  d e v e lo p e d  w i th  a n  e n e rg y  b u d g e t f o r  e a c h
o f  th e  t h r e e  l a y e r s .  I n  l a y e r  C th e  e n e rg y  e q u a t io n  becom es
80 88
“ i f  + <3)
By s u b s t i t u t i n g  (1) i n to  (3 ) i t  can  be se e n  t h a t
w = -  i  z = - p z ,  (4 )
an d
Y = y (0) exp p t .  (5 )
P i s  r e f e r r e d  to  a s  th e  s u b s id e n c e  p a ra m e te r  and i s  d e te rm in e d  from  
o b s e r v a t io n s  o f  th e  l a r g e  s c a l e  v e r t i c a l  m o tio n , w.
F o r  l a y e r  B th e  v e r t i c a l  t u r b u l e n t  t r a n s p o r t s  a r e  c o n s id e r e d  
to  be much l a r g e r  th a n  th e  l a r g e - s c a l e  v e r t i c a l  m o tio n . I n  t h i s  c a s e  
th e  e n e rg y  b u d g e t  i s
| i  .  ( Î Î V ) ,  (6 )
w here  (w' 8 ' )  i s  th e  t u r b u l e n t  t r a n s p o r t  te rm  a v e ra g e d  o v e r  some tim e  
i n v e r v a l .  T h is  e q u a t io n  i s  i n t e g r a t e d  from  h  to  h  +  Ah, i . e . .
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h+Ah h+Ah
i l  ^
e 0 h+Ah
The m id d le  te rm s  o f  (7) fo llo w  from  a p p ly in g  L e i b n i t z '  r u l e .  S u b s t i t u t ­
in g  f o r
h+Ah
Ah J 8dzh
a n  a v e ra g e  o f  8 ^ ^ ^  and  8^ and  assu m in g  Ah i s  c o n s ta n t ,  (7 ) i s  i n t e g r a t e d  
to
1 d 1 dh
2 d î < V ih  + -  s  d î <W ‘ ®>° • ZhC‘” '®’>h+ih
( w e ' ) . :  . (8)
( w '0 ' ) h ^ ^  i s  z e r o  b e c a u s e  th e  m odel assum es th e r e  i s  no t u r b u l e n t  t r a n s ­
p o r t  o f  h e a t  i n t o  l a y e r  C. W ith  (1 ) and ( 2 ) ,  (8 ) becom es
\  ^ [Y (h + 4 h )  +  ®] -  ^  (8 # Y 8 h )  = (» )
o r
-̂ [Ch+£h)gV + - (A&4- ^  = (w'e')jj- (10)
An a d d i t i o n a l  e q u a t io n  i s  d e r iv e d  by  d i f f e r e n t i a t i n g  th e  d e f i n i t i o n  o f  
A6, i . e . ,
= ■^[Y(h+Ah) -  YAh -  ©] = Y ^  +  hgY -  ^  • (11)
L a y e r  A i s  a l s o  assum ed to  b e  d o m in a te d  by v e r t i c a l  t u r b u l e n t  
t r a n s p o r t s  s o  t h a t  (6 ) i s  th e  e n e rg y  b u d g e t  f o r  t h i s  l a y e r .  Tower
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m easu rem en ts  c f  f lu x  w ere  made a t  45 m. B ecause o f  t h i s ,  l a y e r  A i s  
d iv id e d  i n t o  two r e g io n s  and  e a c h  i s  i n te g r a t e d  s e p a r a t e l y .  The e n e rg y  
b u d g e t f o r  th e  r e g io n  from  45 m <  z <  h i s
(h -4 5 ) ^  = ( w '0 ') ^ 3  -  (12)
and  from  0 <  z <  45 m i s
45 I f  = -  ( ^ > 45 . (13)
w here  0 and  0 a r e  th e  mean te m p e ra tu re s  o f  th e  l a y e r s  an d  assum ed i n ­
d e p e n d e n t o f  z .
P e n e t r a t i v e  c o n v e c t io n  h a s  b een  p a ra m e te r iz e d  b y  p re v io u s  i n ­
v e s t i g a t o r s  (T en n ek es, 1973; C a rso n , 1973; B e t t s ,  1973) by assum ing  
t h a t  th e  t u r b u l e n t  t r a n s p o r t  a c r o s s  th e  in v e r s io n  b a s e  i s  some n e g a t iv e  
f r a c t i o n  o f  th e  s u r f a c e  h e a t  f l u x ,  i . e . .
- ( w ' 8 ' ) h  = C i ( w ' G ' ) ^ .  (14)
The s i g n  i s  n e g a t iv e  s in c e  th e  w arm er a i r  above i s  b e in g  e n t r a in e d  in to  
th e  c o o le r  a i r  b e lo w . T ennekes (1974) and C arson  (1973) h a v e  found 
e m p e r ic a l ly  t h a t  C^ i s  a b o u t  0 .5 .
The c o m p le te  m odel f o r  p e n e t r a t i v e  c o n v e c t io n  e f f e c t s  o n ly ,  i s
( 1 0 ) ,  ( 1 1 ) ,  ( 1 2 ) ,  ( 1 3 ) ,  and  ( 1 4 ) .  The unknowns a r e  0 ,  A8 , h ,  ( w '0 ') o
and  ( w '8 ' ) ^ .  F o r  p e n e t r a t i v e  c o n v e c t io n  Ah i s  s e t  to  z e r o .  The param ­
e t e r s  3 and Y a r e  com puted from  (4) and (5 ) u s in g  o b s e r v a t io n s  o f  w and 
Y (0 ) . S y n o p tic  maps f o r  th e  t h r e e  c a s e s  w ere u s e d  to  f i n d  w . The tem ­
p e r a t u r e  o b s e r v a t io n s  on  th e  t o w e r ;  a v e ra g e d  f o r  f i v e  m in u te s , w ere  u s e d  
*
to  d e te rm in e  —  and y (0) . o t
The t u r b u l e n t  t r a n s p o r t  a t  45 m was d e te rm in e d  by a v e ra g in g  h e a t
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f lu x  m easu rem en ts  from  a  s o n ic  an em o m ete r-th erm o m ete r s y s te m  t h a t  was 
o p e ra te d  on  th e  to w e r d u r in g  O c to b e r  1 971 . C om plete d e t a i l s  o f  th e  s y s ­
tem  a r e  g iv e n  by H anafusa  (1 9 7 1 ). B r i e f l y ,  th e  sy s te m  e l e c t r o n i c a l l y  
f i l t e r s  th e  s i g n a l s  o f  v e r t i c a l  v e l o c i t y ,  te m p e ra tu re  and t h e i r  p r o d u c t .  
A t one m in u te  i n t e r v a l s  d i g i t a l  sam p les  a r e  w r i t t e n  on m a g n e tic  t a p e .
The t u r b u l e n t  f l u x  i s  found from
( w 'e ') ^ g  = w0 - w e ,  (15 )
w here  th e  b a r s  i n d i c a t e  a  tim e  a v e ra g e  o f  th e  d i g i t a l  s a m p le s . T h i r t y  
m in u te s  w as th e  a v e ra g in g  i n t e r v a l  u se d  i n  t h i s  s tu d y .
O b s e r v a t io n s  o f  h  w ere  com pared to  v a lu e s  o f  h  from  t h i s  p e n e ­
t r a t i v e  c o n v e c t io n  m odel f o r  a l l  t h r e e  c a s e s .  The r e s u l t s  a r e  shown 
in  F ig .  1 0 . T h is  m odel i s  s u c c e s s f u l  o n ly  f o r  th e  c a s e  w i th o u t  th e  
anom alous te m p e ra tu re  f l u c t u a t i o n s .  The r o o t  mean s q u a re  e r r o r ,  RMSE, 
i s  3 2 .2  m f o r  t h i s  c a s e  com pared to  161 m and  76 m f o r  th e  o t h e r  c a s e s .  
I t  i s  th o u g h t  t h i s  shows t h a t  some o th e r  p r o c e s s  i s  a c t i n g  to w a rd  i n v e r ­
s io n  d i s s i p a t i o n  on  25 and 28 O c to b e r . The anom alous te m p e ra tu re  f l u c ­
tu a t io n s  may b e  a n  i n d i c a t o r  o f  b r e a k in g  w aves a t  i n v e r s io n  b a s e .
The b r e a k in g  wave p a r a m e te r i z a t i o n  e n t e r s  th e  m odel a s  a n  a d d i ­
t i o n a l  te rm  on  th e  r i g h t  s id e  o f  ( 1 4 ) .  The a s su m p tio n  i s  made t h a t  
w i th in  a tim e  s c a l e  t * ,  a b r e a k in g  w ave e v e n t  ta k e s  p l a c e .  F ig .  9, 
a d a p te d  from  H ardy  (1 9 7 2 ), shows how an  e v e n t  a p p e a rs  a s  a  c l e a r  a i r  
r a d a r  e c h o .
s i n g l e
l a y e r
b re a k in g
wave
b r a id e d
s t r u c t u r e
s t r e t c h e d
f i l a m e n ts
F ig u re  9 . S ta g e s  in  th e  d ev e lo p m en t o f  K e lv in -H e lm h o ltz  b i l l o w .  The 
d a rk  l i n e  c o rre s p o n d s  t o  d e t e c t a b l e  c l e a r  a i r  r a d a r  e c h o .
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B e h a v io r  o f  I n v e r s io n  b a s e  h e i g h t ,  h .  O b s e r v a t io n s  o f  h  a r e  th e  p o i n t s .  The p e n e t r a t i v e  
c o n v e c t io n  m odel i s  th e  s o l i d  l i n e .  P e n e t r a t i v e  c o n v e c t io n  and b r e a k in g  wave e f f e c t s  m odel 
i s  th e  d a sh e d  l i n e .
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W ith in  th e  tim e  s c a l e  t * ,  th e  s e n s i b l e  h e a t  p e r  u n i t  a r e a  o v e r  a  d e p th  
Ah i s  assum ed  t o  b e  c o m p le te ly  t r a n s f e r r e d  i n t o  th e  m ixed l a y e r  be low  
th e  i n v e r s io n .  Eq. (14) i s  r e p l a c e d  by
Ah
- (w ' 8 ') ^  = ( w 'e ' ) ^  +  ^  (A0 +  Y A h). (16 )
"Hie p a ra m e te r  t*  i s  o b ta in e d  from  o b s e r v a t io n s  o f  h e a t  f lu x  a t  45  m. 
P e r io d i c  b u r s t s  o f  n e g a t iv e  f l u x  in  th e  d a ta  a r e  t h o u ^ t  to  be  th e  
r e s u l t  o f  th e  c u lm in a t io n  o f  a  b r e a k in g  wave e v e n t .  The p a ra m e te r  Ah 
i s  c a l c u l a t e d  from  th e  p r o d u c t  o f  th e  o b s e rv e d  r a t e  o f  r i s e  o f  th e  i n ­
v e r s i o n  an d  th e  d u r a t io n  o f  th e  an om alous te m p e ra tu re  f l u c t u r a t i o n s  a t  
a  g iv e n  l e v e l .
T h is  seco n d  m odel, i n c o r p o r a t in g  b re a k in g  wave e f f e c t s ,  i s  ( 1 0 ) ,
( 1 1 ) ,  ( 1 2 ) ,  ( 1 3 ) ,  and ( 1 6 ) .  A v a lu e  o f  0 .3  f o r  Cg i s  u s e d  i n  ( 1 6 ) .
F ig .  10 shows th e  r e s u l t  o f  t h i s  m odel f o r  th e  two b r e a k in g  w ave c a s e s .
The v a lu e s  o f  Ah a r e  30 m on 28 O c to b e r  and  70 m on 25 O c to b e r .  The
tim e  s c a l e ,  t * ,  i s  522 s on 25 O c to b e r  an d  330 s on 28 O c to b e r .  T h is
m odel i s  f a i r l y  s u c c e s s f u l  i n  p r e d i c t i n g  h  f o r  th e s e  two c a s e s .  The
sh a p e  o f  th e  c u rv e s  show t h a t  th e  g r e a t e s t  c o n t r i b u t i o n  o f  th e  b r e a k in g  
w aves i s  i n  t h e  v e ry  e a r ly  h o u r s  w hen t h e  s u r f a c e  h e a t  f l u x  i s  s m a l l .  
T a b le  3 i s  th e  e r r o r s  be tw een  th e  m odel an d  o b se rv e d  h  f o r  th e  d i f f e r ­
e n t  c a s e s .  The RMSE on 25 O c to b e r  i s  re d u c e d  from  161 m i n  th e  p e n e ­
t r a t i v e  c o n v e c t io n  model to  1 6 .8  m i n  t h i s  seco n d  m o d el. On 28 O c to b e r  
th e  RMSE i s  re d u c e d  from  76 m to  34 m.
The r e s u l t  o f  t h i s  a n a l y s i s  o f  th e  i n v e r s io n  dynam ics i s  to  
show t h a t  t h e r e  i s  in c r e a s e d  m ix in g  a t  i n v e r s io n  b a s e  o v e r  t h a t  w h ich
28
m ig h t be e x p e c te d  by p e n e t r a t i v e  c o n v e c t io n  a lo n e .  F u r th e r  e x a m in a t io n  
o f  th e  d a ta  w i l l  show t h a t  a  w ind  s h e a r  ty p e  o f  i n s t a b i l i t y  i s  
p ro b a b ly  th e  c a u s e  o f  t h i s  i n c r e a s e d  m ix in g .
TABLE 3
ERROR OF MODELS FROM OBSERVED INVERSION BASE HEIGHT
D ate
m odel
21 25 23
c o n v e c t iv e  c o n v e c t iv e  c o n v e c t iv e
+  b re a k in g  
wave
28
c o n v e c t iv e
28
c o n v e c t iv e  
+ b re a k in g  
wave
co m p a riso n
p o i n t
1
2
3
4
5
0
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-25
-6 0
-2
e r r o r  (m e te rs )
-8  —2
-9 5  13
-1 7 5  -27
-2 5 4  -15
-3 9
-9 4
-3 6
■107
-19
19
62
6
R oo t Mean 
S q u a re  E r r o r 3 2 .2 1 6 1 .4 1 6 .8 7 6 .0 33 .9
CHAPTER IV 
FURTHER TOWER OBSERVATIONS
The mean w ind  p r o f i l e s  on 25 and  28 O c to b e r  show s t r o n g  resem ­
b la n c e s  to  th e  w ind p r o f i l e  o f  th e  Ekman w ind s p i r a l .  T hese  mean p r o ­
f i l e s  a r e  o f  t h i r t y  m in u te  a v e ra g e s  o f  th e  w ind v e l o c i t y .  H odographs 
o f  th e  w ind  p r o f i l e  on 25 O c to b e r  a r e  s e e n  in  F ig .  1 1 . A long w i th  th e  a c tu a l  
w in d , Ekman s p i r a l s  a r e  p l o t t e d  in  t h i s  f i g u r e .  T hese Ekman s p i r a l s  
a t te m p t  to  m atch  th e  a c tu a l  w ind p r o f i l e s .  The two p r o f i l e s  a g re e  f a i r l y  
w e l l  e x c e p t  f o r  th e  w ind  sp e e d  maximum a t  l e v e l  4 .  The a c t u a l  w ind  and
th e  Ekman s p i r a l  w ere  r e q u i r e d  to  m atch  e x a c t ly  a t  l e v e l  5 o f  th e  to w er
f o r  th e  b e s t  f i t .  From t h e i r  r e l a t i o n s h i p  to  th e  Ekman s o l u t i o n ,  th e  
g e o s t r o p h ic  w ind  above th e  b o u n d a ry  l a y e r ,  V^, th e  c h a r a c t e r i s t i c  Ekman 
d e p th ,  g, an d  a  R eyno ld s  num ber. R e, c an  a l l  be  d e te rm in e d  f o r  th e s e  
mean w ind  p r o f i l e s .  T h is  in f o r m a t io n  i s  a l s o  found  on  F i g ,  1 1 . The 
Ekman d e p th  i s  d e f in e d  a s  & = (2K^f w here  i s  a n  eddy  v i s c o s i t y
and  f  i s  th e  C o r i o l i s  p a ra m e te r  a t  3 5 ’3 0 'N . The R eyno ld s  num ber i s  d e ­
f in e d  a s  Re = V e/K  . I f  i t  i s  known t h a t  th e  Ekman s o l u t i o n s ,  g ̂  m
u  = Vg (1 -  exp —  c o s  — ) ,
TT -z  , z
V  = Vg exp —  s i n  -  ,
and  th e  a c t u a l  w ind  m atch a t  l e v e l  5 ,  V^ and  g c a n  b e  d e te rm in e d . A f t e r  
0830 CST th e  w ind  maximum p a s se d  above th e  tow er and i t  becom es more.
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F ig u re  11 . H odographs o f  a c tu a l  w ind and Ekman s p i r a l ,  25 O c to b e r  1971. Wind sp eed  i s  in  m s 
M easurem ent l e v e l s  a r e  i n d ic a te d  by LO, L l ,  e t c . .  The R e y n o ld s  num ber, g e o s t r o p ic  
w ind  s p e e d , and Ekman d e p th  a r e  g iv e n  above e a c h  h o d o g ra p h . The g e o s t r o p ic  w ind  
d i r e c t i o n  i s  th e  a rro w  on e a c h  h o d o g rap h .
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d i f f i c u l t  to  m atch  th e  a c t u a l  w in d  p r o f i l e  w i th  a n  Ekman s p i r a l .
The t h e o r e t i c a l  m o d el, w h ich  t h i s  d a ta  i s  com pared t o ,  assum es 
a  tw o -d im e n s io n a l  s t r u c t u r e  w h ich  i s  found  i n  th e  y - z  p l a n e .  F o r  t h i s  
r e a s o n  th e  w in d  i s  decom posed i n t o  com ponent w ind  v e l o c i t i e s .  F ig .  1 
shows th e  r e l a t i o n s h i p  o f  th e  com ponent a x e s  to  th e  g e o s t r o p ic  w in d .
The a n g le  o f  th e  l o n g i t u d i n a l  a x i s ,  x ,  from  th e  d i r e c t i o n  o f  i s  e .
The p a ra m e te r  e w i l l  become a  v a r i a b l e  i n  th e  a n a ly s i s  o f  th e  d a t a .
I n  F ig .  12 i s  th e  0800 CST l a t e r a l  v e l o c i t y  com ponents o f  th e  a c tu a l  w ind  
and  th e  Ekman p r o f i l e  i n  th e  y - z  p l a n e .  I t  i s  s e e n  th e r e  i s  an  i n f l e c ­
t i o n  p o i n t  i n  th e  com ponent v e l o c i t y .  The i n f l e c t i o n  p o i n t  i s  i n  th e  
r e g io n  o f  s i g n i f i c a n t  w ind  s h e a r  be low  l e v e l  4  a t  0800 CST.
F u r th e r  in fo r m a t io n  a b o u t  th e s e  w ind  p r o f i l e s  i s  o b ta in e d  by 
f i t t i n g  a  c u b ic  p o ly n o m ia l to  th e  w ind  sp e e d s  a t  to w e r l e v e l s  2 to  5 .
I n  t h i s  m anner th e  i n f l e c t i o n  p o i n t  h e i g h t  w as found  and  th e  m ag n itu d e  
o f  th e  v e l o c i t y  and th e  v e r t i c a l  s h e a r  o f  th e  w ind  a t  th e  i n f l e c t i o n  
p o i n t  e s t i m a t e d .  T hese  v a lu e s  a r e  g iv e n  i n  T a b le  4  f o r  d i f f e r e n t  v a lu e s  
o f  e a t  0 7 0 0 , 0730 , 0 8 0 0 , and  0830 CST. N ote t h a t  th e  i n f l e c t i o n  p o in t  
h e i g h t  i s  g e n e r a l l y  m oving upw ard w i th  t im e .
Mean w ind  h o d o g rap h s  f o r  0700 , 0 7 3 0 , 0800 and  0830 CST on  28 
O c to b e r  a r e  fo u n d  i n  F ig ,  1 3 . On 28 O c to b e r  th e  a c t u a l  w ind  m atch es  
th e  Ekman p r o f i l e  b e t t e r  th a n  i t  d id  on  25 O c to b e r .  The w ind  sp eed  
maximum f i t s  i n t o  th e  s p i r a l  v e r y  w e l l  i n  t h i s  c a s e .  An e x a c t  m atch  
b e tw e en  th e  two p r o f i l e s  was r e q u i r e d  a t  l e v e l  4 on  t h i s  d a te  to  g iv e  
th e  b e s t  f i t  o f  th e  s p i r a l  to  th e  a c t u a l  w in d . The p a ra m e te r s  R e, 
and  5 a r e  a l s o  l i s t e d  w i th  th e  h o d o g ra p h s . How w e l l  th e  Ekman s p i r a l  
and  th e  a c t u a l  w ind m atch  i n  a  v e r t i c a l  p r o f i l e  a r e  s e e n  f o r  0730 CST
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WIND SPEED ( m s"^)
F ig u re  1 2 . Component w ind  sp eed  (v  ) in  th e  d i r e c t i o n  o f  th e  l a t e r a l  a x i s  (y ) f o r
d i f f e r e n t  v a lu e s  o f  e .  °The t h i n  l i n e  i s  th e  com ponent o f  th e  a c t u a l  w ind 
and th e  h eav y  l i n e  i s  th e  com ponent o f  th e  Ekman s p i r a l .  The tim e  i s  
0800 CST on 25 O c to b e r  1971.
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TABLE 4
PARAMETERS OF THE BOUNDARY LAYER FOR 25 OCTOBER 1971
Time
0700 20
25 
30 
35 
40 
45 
50 
55 
60
0830 20
25 
30 
35 
40 
45 
50 
55 
60
' i p  ' i p  
(m) (m s
220
215
212
209
206
204
202
200
198
304
280
267
255
250
240
235
233
230
- 1 .9 1
- 2 .9 5
- 4 .0 3
- 5 .0 6
- 6 . 0 2
- 6 .9 8
- 7 .8 8
- 8 .6 7
- 9 .4 4
ÔV
^ i p
( s ' S
-0 .0 4 9 1
-0 .0 5 4 3
-0 .0 5 9 1
-0 .0 6 3 7
-0 .0 6 7 8
-0 .0 7 1 6
-0 .0 7 4 8
-0 .0 7 7 6
-0 .0 7 9 7
R i,
0 .2 7 1 8
0 .2 2 2 3
0 .1 8 7 6
0 .1 6 1 5
0 .1 4 2 6
0 .1 2 7 8
0 .1 1 7 1
0 .1 0 8 8
0 .1 0 3 2
R i,
0 .0 2 3 4
0 .0 2 3 0
0 .0 2 3 1
0 .0 2 3 5
0 .0 2 4 9
0 .0 2 6 6
0 .0 2 9 0
0 .0 3 2 0
0 .0 3 6 2
X
(m)
a
(1/&) ( s " l )
20" 235 - 1 .5 1 -0 .0 3 9 1 0 .2 3 7 8 0 .0 2 0 6
25" 228 - 2 .4 3 -0 .0 4 3 8 0 .1 8 9 5 0 .0 1 9 6
30" 223 - 3 .3 5 -0 .0 4 8 4 0 .1 5 5 2 0 .0 1 9 1
35" 220 - 4 .3 2 -0 .0 5 2 9 0 .1 2 9 9 0 .0 1 9 0
40" 215 - 5 .1 1 -0 .0 5 7 1 0 .1 1 1 5 0 .0 1 9 5
45" 213 - 6 .0 1 -0 .0 6 0 9 0 .0 9 8 0 0 .0 2 0 4
50" 210 - 6 .7 8 -0 .0 6 4 4 0 .0 8 7 7 0 .0217
55" 208 - 7 .5 4 -0 .0 6 7 5 0 .0 7 9 8 0 .0 2 3 2
60* 205 - 8 .1 8 -0 .0 7 0 1 0 .0 7 4 0 0 .0 2 6 0
20 " 229 - 1 .5 7 -0 .0 4 1 3 0 .1 4 9 1 0 .0 1 2 9 673 1 .1 8 6 < 0 .0
25* 224 - 2 .4 7 -0 .0 4 6 0 0 .1 2 0 2 0 .0 1 2 4 1059 0 .7 5 3 0 .0 0 2 5 6
30" 220 - 3 .3 6 -0 .0 5 0 5 0 .0 9 9 7 0 .0 1 2 3 1440 0 .5 5 4 0 .01219
35* 217 - 4 .2 7 -0 .0 5 4 6 0 .0 8 5 3 0 .0 1 2 5 1830 0 .4 3 6 0 .01305
40* 215 - 5 .1 2 -0 .0 5 8 5 0 .0 7 4 3 0 .0 1 3 0 2194 0 .3 6 4 0 .01125
45° 212 - 5 .8 8 -0 .0 6 1 9 0 .0 6 6 4 0 .0 1 3 8 2520 0 .3 1 7 0 .0 0 8 8 2
50° 210 - 6 .6 5 -0 .0 6 5 0 0 .0 6 0 2 0 .0 1 4 9 2850 0 .2 8 0 0 .00616
55* 208 - 7 .3 5 -0 .0 6 7 6 0 .0 5 5 7 0 .0 1 6 4 3150 0 .2 5 3 0 .0 0 3 4 8
60° 207 - 8 .0 7 -0 .0 6 9 7 0 .0 5 2 4 0 .0 1 8 4 3459 0 .2 3 1 0 .00068
- 1 . 22
■1.74
-2 .4 6
-3 .1 1
-3 .9 1
-4 .4 8
-5 .1 5
-5 .8 9
-6 .5 3
-0 .0 2 3 8
-0 .0 2 5 7
-0 .0 2 8 2
-0 .0 3 0 9
-0 .0 3 3 6
-0 .0 3 6 2
-0 .0 3 8 7
-0 .0 4 0 9
-0 .0 4 3 0
0 .1 9 7 1
0 .1 6 9 1
0 .1 4 0 4
0 .1 1 6 9
0 .0 9 8 9
0 .0 8 5 2
0 .0 7 4 6
0 .0 6 6 7
0 .0 6 0 4
0 .0 1 7 1
0 .0 1 7 5
0 .0 1 7 3
0 .0 1 7 1
0 .0 1 7 3
0 .0 1 7 7
0 .0 1 8 5
0 .0 1 9 7
0.0212
Re = 3149 
V ■ 1 4 ,4  m 8
6
g
108 m
Re = 2233 _ i
V “  1 3 .9  m 8 
S
6 ® 147 m
Re = 1715 
V = 1 4 .3  m 8
6
g
197 m
Re 1650 .1
1 3 .9  m 8
199 m
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F ig u re  13. H odographs o f  a c tu a l  w ind and Ekman s p i r a l ,  28 O c to b e r  1971. Wind sp eed  in  in  m s 
M easurem ent l e v e l s  a r e  i n d i c a t e d  by LO, L l ,  e t c . .  The R ey n o ld s  num ber, g e o s t r o p ic  
w ind  s p e e d , and Ekman d e p th  a r e  g iv e n  above e a c h  h o d o g ra p h . The g e o s t r o p ic  w ind  
d i r e c t i o n  i s  th e  a rro w  on e a c h  h o d o g rap h .
35
i n  F ig .  14 . I h i s  f i g u r e  shows th e  l a t e r a l  com ponent v e l o c i t y  a t  th e  
d i f f e r e n t  h e i g h t s  f o r  s e v e r a l  d i f f e r e n t  v a lu e s  o f  e .
A f u r t h e r  a n a l y s i s  o f  th e  mean w ind  i s  th e  f i t  o f  a  c u b ic  p o ly ­
n o m ia l to  th e  w ind  sp e ed  a t  l e v e l s  2 to  5 o f  th e  to w e r. T a b le  5 l i s t s  
th e  h e i g h t  o f  th e  i n f l e c t i o n  p o i n t  i n  th e  w ind  sp eed  and  th e  v e l o c i t y  
and  th e  v e r t i c a l  s h e a r  o f  th e  w ind  a t  t h i s  i n f l e c t i o n  p o i n t .  As on  25 
O c to b e r  th e  i n f l e c t i o n  p o i n t  o c c u rs  n e a r  in v e r s io n  b a s e  w h ich  i s  below  
th e  l o c a t i o n  o f  th e  te m p e ra tu re  f l u c t u a t i o n s .  A gain  w i th  tim e  th e  
h e ig h t  o f  th e  i n f l e c t i o n  p o i n t  r i s e s .
The s t a b i l i t y  p a ra m e te r  f o r  th e  b o undary  l a y e r  i s  c h o se n  to  be  
th e  R ic h a rd s o n  num ber. A l o c a l  R ic h a rd s o n  num ber, R i^ ,  i s  d e f in e d  a s
E i =
V a lu e s  o f  p o t e n t i a l  te m p e ra tu re  g r a d i e n t  38/&z and a v e ra g e  p o t e n t i a l  
te m p e ra tu re ,  9 , w ere  e s t im a te d  from  th e  to w er d a t a .  The e s t im a te s  a r e  
f o r  th e  l a y e r  b e tw een  th e  to w e r  l e v e l s  im m ed ia te ly  b e n e a th  th e  i n f l e c ­
t i o n  p o i n t .  T a b le  6 shows th e s e  e s t i m a t e s .  The v a lu e s  a r e  e le v e n  
m in u te  a v e ra g e s  c e n te r e d  a t  th e  tim e s  g iv e n .
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F igure 14 . Component wind speed (v ) in  the d ir e c t io n  o f  the la t e r a l  a x is  (y) fo r
d if f e r e n t  v a lu es  o f  e .  °The th in  l in e  i s  the component o f  the a c tu a l wind
and th e  h e a v y  l i n e  i s  th e  com ponent o f  th e  Ekman s p i r a l .  
0730 CST on 28 O c to b e r  1971.
The time i s
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TABLE 5
PARAMETERS OF THE BOUNDARY LAYER FOR 28 OCTOBER 1971
Time ' i p  ' ' i P  
(m) (m s
a= iP
( s - l  )
R i, R i, \
(m)
a
(1/ 6)
*
Of c
s
i
- I
20° 225 -1 .8 6 -0 .0 6 3 6 0 .1 2 4 0 0 .0 1 0 8
25° 222 -2 .8 2 -0 .0 6 6 9 0 .1 1 2 1 0 .0 1 1 6
30° 220 - 3 .8 3 -0 .0 6 9 8 0 .1 0 2 9 0 .0 1 2 7
35° 218 - 4 .8 0 -0 .0 7 2 2 0 .0 9 6 2 0 .0 1 4 1
40° 216 -5 .7 0 -0 .0 7 4 1 0 .0 9 1 4 0 .0 1 5 9
4 5 . 214 -6 .5 0 -0 .0 7 5 5 0 .0 8 8 0 0 .0 1 8 3
5 0 . 212 -7 .4 0 -0 .0 7 6 5 0 ,0857 0 .0 2 1 2
55 . 210 -8 .1 3 -0 .0 7 6 9 0 .0 8 4 8 0 .0 2 5 0
60 207 -8 .7 2 -0 .0 7 6 8 0 .0 8 5 0 0 .0 2 9 8
20° 240 - 1 .4 7 -0 .0 5 1 3 0 .1 0 2 7 0 .0 0 8 9 588 1 .5 7 0 < 0 .0
25° 237 -2 .4 4 -0 .0 5 6 0 0 .0 8 6 2 0 .0 0 8 9 976 0 .9 4 6 < 0 .0
30° 233 -3 .3 0 -0 .0 6 0 5 0 .0 7 3 9 0 .0 0 9 1 1320 0 .7 0 0 0 .0 0 6 4 5
35° 230 -4 .1 7 -0 .0 6 4 6 0 .0 6 4 8 0 .0 0 9 5 1668 0 .5 5 4 0 .0 1 1 9 4
40° 227 -4 .9 8 -0 .0 6 8 3 0 .0 5 8 0 0 .0 1 0 1 1992 0 .4 6 4 0 .0 1 1 9 2
45° 225 -5 .8 0 -0 .0 7 1 6 0 .0527 0 .0 1 0 9 2320 0 .3 9 8 0 .0 1 0 4 4
50° 223 -6 .5 7 -0 .0 7 4 3 0 .0 4 9 0 0 .0 1 2 1 2628 0 .3 5 1 0 .0 0 8 3 3
55° 221 -7 .2 8 -0 .0 7 6 6 0 .0 4 6 1 0 .0 1 3 6 2912 0 .3 1 7 0 .0 0 5 9 7
50° 220 -8 .0 0 -0 .0 7 8 4 0 .0 4 4 0 0 .0 1 5 4 3200 0 .2 8 9 0 .0 0 3 4 3
20*
25* 355 - 6 .8 5 -0 .0 5 3 7 0 .0 5 4 3 0 .0 0 5 6
30* 305 - 5 .4 6 -0 .0 5 0 6 0 .0 6 1 2 0 .0 0 7 5
35* 280 - 5 .4 0 -0 .0 5 1 1 0 .0 6 0 0 0 .0 0 8 8
40* 265 - 5 .7 6 -0 .0 5 2 9 0 .0 5 6 0 0 .0 0 9 8
45° 255 -6 .3 0 -0 .0 5 5 1 0 .0 5 1 6 0 ,0 1 0 7
50° 247 -6 .8 5 -0 .0 5 7 4 0 .0 4 7 6 0 .0 1 1 8
55° 240 - 7 .3 8 -0 .0 5 9 6 0 .0 4 4 1 0 .0 1 3 0
60° 235 - 7 .9 4 -0 .0 6 1 7 0 .0 4 1 2 0 .0 1 4 4
20° 376 - 5 .8 0 -0 .0 4 8 9 0 .0 5 1 1 0 .0 0 4 4
25° 322 - 5 .4 8 -0 .0 4 5 5 0 .0 5 9 0 0 .0 0 6 1
3 0 ° 295 - 4 .4 9 -0 .0 4 5 9 0 .0 5 7 9 0 .0 0 7 1
3 5 ° 275 - 4 .7 4 -0 .0 4 7 7 0 .0537 0 .0 0 7 9
4 0 ° 265 -5 .3 7 -0 .0 5 0 1 0 .0 4 8 6 0 .0 0 8 5
4 5 ° 255 - 5 .9 0 -0 .0 5 2 6 0 .0 4 4 1 0 .0 0 9 2
5 0 ° 250 -6 .6 1 -0 .0 5 5 1 0 .0 4 0 2 0 .0 0 9 9
5 5 ° 245 - 7 .2 5 -0 .0 5 7 4 0 .0 3 7 1 0 .0 1 0 9
60° 240 -7 .8 1 -0 .0 5 9 5 0 .0 3 4 5 0 .0 1 2 1
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TABLE 6
VERTICAL GRADIENT OF POTENTIAL TEMPERATURE AND MEAN POTENTIAL
TEMPERATURE FOR THE LAYER
D ate
25 O c to b e r  1971
28 O c to b e r  1971
M
Time L a y e r 9z e
(K/m) (K)
0700 90*176 m 0 .0 1 9 3 2 8 8 .6
0730 90-176 m 0 .0 1 0 7 2 8 8 .4
0800 90-176  m 0 .0 0 7 5 2 8 8 .9
0830 90-176  m 0 .0 0 3 3 2 8 8 .6
0700 90-176 m 0 .0 1 4 8 2 8 8 .5
0730 90-176  m 0 .0 0 8 0 2 8 8 .5
0800 90-176  m 0 .0 0 4 6 2 8 8 .3
0830 90 -176  m 0 .0 0 3 6 2 8 8 .9
The s h e a r  te rm , | ô v /ô z  | , i s  th e  v a lu e  o f  th e  v e r t i c a l  s h e a r  o f  th e
i p
w ind  a t  th e  i n f l e c t i o n  p o i n t  and i s  o b ta in e d  from  f i t t i n g  th e  c u b ic  
p o ly n o m ia l to  th e  w in d . The s h e a r  v a lu e s  a r e  found  i n  T a b le  4 .  A lso  
i n  T a b le  4 a r e  v a lu e s  o f  R i^  f o r  s e v e r a l  v a lu e s  o f  e .  A b u lk  R ic h a rd so n  
num ber, R i^ ,  w h ich  th e  t h e o r e t i c a l  model r e q u i r e ^  i s  o b ta in e d  by d iv id in g  
th e  s h e a r ,  |ô v / ô z |^  , w h ich  i s  d im e n s io n a l ,  by  th e  n o n -d im e n s io n a l  s h e a r  
o f  th e  Ekman w ind  p r o f i l e  a t  i t s  i n f l e c t i o n  p o i n t  an d  s u b s t i t u t i n g  t h i s
b u lk  s h e a r  f o r  | ô v /ô z  |
ip
The b u lk  s h e a r  i s
ÔZ
lEk (o b se rv e d )
fiZ
ÔZ (Ekman w ind)
= f .
dv
w here  ôz = - e x p ( n /2  -  e) f o r  th e  Ekman w in d . T h is  p ro c e d u re  e x ­
p r e s s e s  th e  s h e a r  in  te rm s  o f  th e  s c a l in g  p a r a m e te r s .  Thus th e  R i^  
s h e a r  te rm  i s  th e  r a t i o  o f  th e  v e l o c i t y  s c a l e  to  th e  h e i g h t  s c a l e  o f  
th e  m o d el. T a b le  4 l i s t s  th e  l o c a l  and b u lk  R ic h a rd s  on num bers f o r  th e
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d i f f e r e n t  e an d  t im e s .
The e x a c t  s t r u c t u r e  o f  th e  i n s t a b i l i t y  c a u s in g  th e  te m p e ra tu re  
f l u c t u a t i o n s  i s  im p o s s ib le  to  d e te rm in e  from  a  s in g l e  to w e r. A r e a s o n ­
a b le  e s t im a te  o f  th e  h o r i z o n t a l  w a v e le n g th  o f  th e  i n s t a b i l i t y  i s  p o s s i b l e ,  
ho w ev er. T h is  e s t im a te  r e l i e s  on m easu rem en ts o f  th e  f re q u e n c y  and 
p h a se  sp eed  o f  th e  i n s t a b i l i t y  a s  m easu red  on  th e  to w e r. The f re q u e n c y  
i s  d e r iv e d  from  th e  anom alous te m p e ra tu re  f l u c t u a t i o n s .  The i n f l e c t i o n  
p o i n t  i n s t a b i l i t y  m odel assum es th e  same h a rm o n ic  form  f o r  b o th  th e  w ind  
and te m p e ra tu re  p e r t u r b a t i o n s .  T h e re fo re  th e  v i s u a l  and power sp e c tru m  
a n a ly s i s  o f  th e  l e v e l  4 te m p e ra tu re  f l u c t u a t i o n s  su p p ly  a  f re q u e n c y  o f  
0 .1 4  c y c le s  m in ^ on  25 O c to b e r  f o r  th e  lo w e s t  f re q u e n c y  mode o f  th e  i n ­
s t a b i l i t y .  A lso  c o n s i s t e n t  w ith  th e  t h e o r e t i c a l  i n s t a b i l i t y  m odel, th e  
p h a se  sp e e d  i s  th e  l a t e r a l  w ind v e l o c i t y  com ponent a t  th e  i n f l e c t i o n  
p o i n t .  T h is  i s  l i s t e d  f o r  d i f f e r e n t  v a lu e s  o f  e i n  T a b le  4 .  I t  i s  
n e c e s s a r y  to  h a v e  e s t im a te s  o f  w a v e le n g th  f o r  many v a lu e s  o f  e b e c a u s e  
th e  e x a c t  o r i e n t a t i o n  o f  th e  i n s t a b i l i t y  i s  unknow n. L a te r  th e  b e s t  
m atch b e tw e en  o b s e irv a tio n s  and m odel w i l l  i n d i c a t e  th e  p ro b a b le  o r i e n t a ­
t i o n  o f  th e  i n s t a b i l i t y .  The w a v e le n g th , k  , i s  found  from  X  = c ^ /q ,  
w here  c ^  i s  th e  r e a l  p h a se  v e l o c i t y  and q i s  th e  f re q u e n c y . On 25 
O c to b e r , 0800 CST i s  th e  m ost r e p r e s e n t a t i v e  tim e  f o r  th e  e s t im a te  o f  
f re q u e n c y . T h e re fo re  e s t im a te s  o f  w a v e le n g th  f o r  d i f f e r e n t  e a r e  ta b u ­
l a t e d  i n  T a b le  4 o n ly  f o r  0800 CST on 25 O c to b e r .
The s t a b i l i t y  o f  th e  b o undary  l a y e r  on 28 O c to b e r  i s  g iv e n  by 
th e  l o c a l  and b u lk  R ic h a rd so n  num bers in  T a b le  5 .  The p o t e n t i a l  tem p e ra ­
t u r e  g r a d i e n t  e s t i m a t e s  a r e  from  th e  l a y e r  be low  th e  i n f l e c t i o n  p o i n t s  
shown in  T a b le  5 .  T ab le  6 h a s  th e  mean p o t e n t i a l  te m p e ra tu re  and  v e r t i c a l
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g r a d ie n t  o f  p o t e n t i a l  te m p e ra tu re  f o r  th e s e  l a y e r s .
The s t r u c t u r e  o f  th e  i n s t a b i l i t y  a s  i n d ic a te d  by th e  h o r i z o n t a l  
w a v e le n g th  i s  g iv e n  f o r  0730 CST i n  T a b le  5 . The e s t im a te  o f  f r e q u e n c y ,  
0 .1 5  c y c le s  m in  i s  from  th e  v i s u a l  and  pow er sp e c tru m  a n a l y s i s  o f  
th e  te m p e ra tu re  f l u c t u a t i o n s  a t  l e v e l  4 .  I t  i s  m ost r e p r e s e n t a t i v e  a t  
0730 CST.
As h a s  b e e n  in d ic a te d  th e  m ean p r o f i l e s  and f l u c t u a t i n g  q u a n t i t i e s  
i n  th e  b o u n d a ry  l a y e r  a r e  v e r y  s i m i l a r  f o r  25 and 28 O c to b e r . The a c t u a l  
w ind  s t r u c t u r e s  a r e  v e ry  c lo s e  to  t h a t  o f  th e  Ekman s p i r a l  w in d  p r o f i l e .  
S i g n i f i c a n t  f e a t u r e s  a r e  th e  lo w - le v e l  w ind  maximum and an  i n f l e c t i o n  
p o in t  in  th e  v e r t i c a l  p r o f i l e  o f  w ind  s p e e d . The w ind  sp eed  maximum i s  
found n e a r  i n v e r s io n  top  and moves upw ard w i th  th e  i n v e r s io n .  The i n ­
f l e c t i o n  p o i n t  h o w ev er, i s  lo c a te d  n e a r  in v e r s io n  b a s e  w here  s t r o n g  v e r t i ­
c a l  w ind  s h e a r  c a u s e s  low R ic h a rd s o n  num bers i n  t h i s  r e g io n .  Some ty p e  
o f  i n s t a b i l i t y  i s  i n d ic a te d  by an om alous te m p e ra tu re  f l u c t u a t i o n s  o c c u r ­
r in g  i n  a  s h a llo w  la y e r  above in v e r s io n  b a s e .  The i n s t a b i l i t y  c o n t in u e s  
a s  th e  i n v e r s io n  r i s e s  th ro u g h  th e  to w e r l a y e r .  The n e x t  s e c t i o n  d i s ­
c u s s e s  th e  v a r i o u s  ty p e s  o f  i n s t a b i l i t i e s  a s s o c i a te d  w i th  th e  Ekman 
b o u n d a ry  l a y e r  to  s e e  i f  one o f  them  m ig h t be r e s p o n s ib le  f o r  th e s e  
te m p e ra tu re  f l u c t u a t i o n s .
CHAPTER V 
THE EKMAN LAYER INSTABILITIES
The so u rc e  o f  th e  te m p e ra tu re  f l u c t u a t i o n s  i s  so u g h t in  th e  i n ­
s t a b i l i t i e s  o f  th e  Ekman b o u n d a ry  l a y e r .  T h ere  a r e  f o u r  known i n s t a b i l i t y  
m echan ism s a s s o c ia te d  w ith  th e  Ekman l a y e r .  They a r e  c o n v e c t iv e  i n s t a b i l ­
i t y ,  p a r a l l e l  i n s t a b i l i t y ,  re s o n a n c e  w ith  i n t e r n a l  w av es, and i n f l e c t i o n  
p o i n t  i n s t a b i l i t y .  At th e  lo c u s  o f  i t s  maximum grow th  r a t e  e a c h  i n s t a ­
b i l i t y  mode h a s  i t s  own p r e f e r r e d  w a v e le n g th  and o r i e n t a t i o n  from  th e  
g e o s t r o p ic  w in d . T h is  o r i e n t a t i o n  a n g le  i s  c a l l e d  e and i s  t h e  a n g le  o f  
t h e  l o n g i t u d i n a l  a x i s ,  x , from  th e  g e o s t r o p ic  w ind ( s e e  F ig .  1)
The c o n v e c t iv e  i n s t a b i l i t y  i s  a  th e rm a l  i n s t a b i l i t y  o c c u r r in g  in  
u n s t a b l e  s t r a t i f i c a t i o n .  I t  o p e r a t e s  by c o n v e rs io n  o f  p o t e n t i a l  to  k i ­
n e t i c  e n e rg y  th ro u g h  upw ard h e a t  t r a n s p o r t .  A sa i and N a k a s u ji  (1973) 
fo u n d  t h i s  mode i s  p r e f e r r e d  f o r  a  b u lk  R ic h a rd s o n  num ber l e s s  th a n  -1 0  
They c i t e  f o r  i t  a  h o r i z o n t a l  w a v e le n g th  o f  2rrô , a  p h a se  v e l o c i t y  e q u a l  
to  Vg and th e y  f in d  i t  h a s  no p r e f e r r e d  o r i e n t a t i o n  a n g le .
The p a r a l l e l  i n s t a b i l i t y  i s  d i s c u s s e d  by L i l l y  (1 9 6 6 ) . I t  i s  a  
s h e a r  i n s t a b i l i t y  d raw in g  e n e rg y  from  th e  mean f lo w  a lo n g  th e  l o n g i t u d i ­
n a l  a x i s  o f  th e  d i s tu r b a n c e  and s u p p ly in g  i t  t o  th e  l a t e r a l  com ponent 
v i a  t h e  C o r i o l i s  f o r c e .  The p a r a l l e l  i n s t a b i l i t y  becom es i n s i g n i f i c a n t  
f o r  R ey n o ld s  num bers g r e a t e r  th a n  150 . T h is  mode h a s  a  p r e f e r r e d  w ave­
l e n g t h  o f  6 .7 n 6 , an  o r i e n t a t i o n  a n g le ,  e , o f  10 to  th e  r i g h t  o f  V ,
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a n d  a  p h a se  v e l o c i t y  n e a r  t h a t  o f  th e  mean flo w  a t  th e  i n f l e c t i o n  p o i n t  
h e ig h t  i n  th e  d i r e c t i o n  o f  th e  l a t e r a l  a x i s  o f  th e  i n s t a b i l i t y .
F o r  low  v a lu e s  o f  p o s i t i v e  R ic h a rd s o n  num ber, th o s e  b e tw e en  0 
and  0 .2 5 ,  th e  g row th  r a t e s  o f  i n s t a b i l i t y  i n  th e  Ekman l a y e r  d e c r e a s e  
w ith  i n c r e a s i n g  R ic h a rd so n  num ber. K a y lo r  and F a l l e r  (1972) h a v e  found  
an  i n s t a b i l i t y  o c c u r r in g  a t  s i g n i f i c a n t l y  l a r g e r  R i due to  th e  re s o n a n c e  
o f  th e  i n c i p i e n t  i n s t a b i l i t y  w i th  i n t e r n a l  g r a v i t y  w a v e s . T h is  i n s t a b i l ­
i t y  d e v e lo p s  in  th e  r e g io n  o f  l a r g e  w ind  s h e a r  and fe e d s  i n t o  a  g r a v i t a ­
t i o n a l  wave w h ich  o c c u p ie s  th e  u p p e r  s t a b l e  r e g io n .  The p h a se  sp e e d  i s  
some v e l o c i t y  t h a t  i s  p o s s ib l e  f o r  b o th  th e  i n t e r n a l  wave and th e  s h e a r  
i n s t a b i l i t y .  The w a v e le n g th  and o r i e n t a t i o n  h a v e  n o t  b een  c l e a r l y  d e ­
f in e d  f o r  t h i s  i n s t a b i l i t y .  I t  a p p e a r s  th e  C o r i o l i s  f o r c e  i s  an  e s s e n ­
t i a l  e n e rg y  t r a n s f e r  m echanism  i n  t h i s  i n s t a b i l i t y .
L i l l y  (1966) a l s o  d e m o n s tra te d  th e  i n f l e c t i o n  p o i n t  i n s t a b i l i t y
f o r  an  Ekman v e l o c i t y  p r o f i l e .  I n f l e c t i o n  p o i n t  i n s t a b i l i t y  i s  an  i n v i s -  
c id  i n s t a b i l i t y  t h a t  h a s  b een  w id e ly  s tu d i e d  in  p la n e  flow  w i th  an  i n f l e c ­
t i o n  p o i n t  i n  th e  mean v e l o c i t y  p r o f i l e .  The i n f l e c t i o n  p o i n t  r e p r e s e n t s  
a  v o r t i c i t y  extrem um  i n  th e  mean v o r t i c i t y  p r o f i l e .  Brown (1972b) d e ­
s c r i b e s  th e  o n s e t  o f  t h i s  i n s t a b i l i t y  a s  a  r e s u l t  o f  th e  f l u i d ' s  i n a b i l ­
i t y  to  s u p p o r t  t h i s  extrem um . I t  s h o u ld  b e  rem em bered we a r e  s p e a k in g  
o f  th e  com ponent o f  v o r t i c i t y  p e r p e n d ic u l a r  to  th e  y -z  p l a n e .  I n  a  
m o n o to n ic a l ly  i n c r e a s in g  o r  d e c r e a s in g  v o r t i c i t y  p r o f i l e  an  i n f i n i t e s -  
im a lly  d i s p l a c e d  p a r c e l  d i s t o r t s  th e  v o r t i c i t y  p r o f i l e .  L in  (1945) 
h a s  d e r iv e d  th e  fo rm u la  f o r  a  r e s t o r i n g  f o r c e  t h i s  d i s t o r t e d  v o r te x  
f i e l d  e x e r t s  on th e  d i s p la c e d  p a r c e l .  Thus th e  p a r c e l  i s  r e tu r n e d  to  
i t s  o r i g i n  an d  th e r e  i s  no i n s t a b i l i t y .  I n  a  v o r t i c i t y  p r o f i l e  w i th
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a n  ex trem um , a  p a r c e l  d i s p l a c e d  a c r o s s  th e  v e l o c i t y  i n f l e c t i o n  p o i n t  
w i l l  e x p e r ie n c e  a  f o r c e  su c h  t h a t  i t  i s  moved to  a  p o s i t i o n  c o m p a tib le  
w i th  i t s  o r i g i n a l  v o r t i c i t y  b u t  on  th e  o p p o s i te  s id e  o f  th e  extrem um .
I f  th e  d i s p l a c e d  v o r te x  c a r r i e s  i t s  o r i g i n a l  momentum w i th  i t ,  t h i s  
n o n l in e a r  mean momentum t r a n s p o r t  w i l l  d i s t o r t  th e  mean v e l o c i t y  p r o ­
f i l e  su ch  t h a t  t h e r e  now a p p e a r  two i n f l e c t i o n  p o i n t s .  Thus f u r t h e r  
g ro w th  o f  th e  i n s t a b i l i t y  i s  e n c o u ra g e d . The i n f l e c t i o n  p o i n t  i n s t a ­
b i l i t y  i s  th e  p r e f e r r e d  mode f o r  R eyno ld s  num bers g r e a t e r  th a n  150 and 
a  b u lk  R ic h a rd s o n  num ber b e tw e e n  -10  ^ and F o r  a n e u t r a l  a tm o sp h e re  
i t  h a s  a  p r e f e r r e d  w a v e le n g th  o f  4 n 6 ,  th e  o r i e n t a t i o n  e i s  20" to  th e  
l e f t  o f  Vg and th e  p h a se  v e l o c i t y  i s  n e a r  th e  mean v e l o c i t y  a t  i n f l e c ­
t i o n  p o i n t  h e ig h t  i n  th e  d i r e c t i o n  o f  th e  l a t e r a l  a x i s  o f  th e  i n s t a b i l ­
i t y .
Brown h a s  d e v e lo p e d  a n  i n f l e c t i o n  p o in t  i n s t a b i l i t y  m odel o f  
th e  Ekman l a y e r  f o r  b o th  th e  n e u t r a l  (Brown, 1970) and th e  s t r a t i f i e d  
(Brow n, 1972a) Ekman b o u n d a ry  l a y e r .  B row n's (1972a) m odel d e v e lo p s  
u n s t a b l e  i n f i n i t e s i m a l  p e r t u r b a t i o n s  i n  th e  form  o f  c o u n t e r - r o t a t i n g  
r o l l  v o r t i c i e s .  The m ost u n s t a b l e  g row th  r a t e s  o c c u r  w i th  th e  i n s t a ­
b i l i t y  l o n g i t u d i n a l  a x i s  o r i e n t e d  2 0 “ to  th e  l e f t  o f  th e  l a t e r a l
w a v e le n g th  i s  4 r r ô ,  and th e  v e r t i c a l  d im e n s io n  i s  5 to  7 6 . T h is  i s  
f o r  n e u t r a l  s t r a t i f i c a t i o n .  U n s ta b le  s t r a t i f i c a t i o n  shows g r e a t e r  
a m p l i f i c a t i o n ,  w i th  th e  c o n v e c t iv e  i n s t a b i l i t y  becom ing d o m in an t f o r  
i n c r e a s i n g l y  n e g a t iv e  R i .  Damping o f  th e  i n s t a b i l i t y  i s  found  f o r  a 
s t a b l e  s t r a t i f i c a t i o n .  The i n s t a b i l i t y  mode i s  c o m p le te ly  e x t in g u is h e d  
f o r  a  l o c a l  R ic h a rd so n  num ber e x c e e d in g  0 .2 5 .  A t v a lu e s  o f  R i c lo s e  to  
t h i s ,  th e  r e g io n  o f  i n s t a b i l i t y  becom es l im i t e d  to  w a v e le n g th s  c lo s e  to
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4tt6 and an o r ie n ta t io n  angle o f  35 .
The ch o ice  o f  which p o ss ib le  in s t a b i l i t y  mechanism to  con sid er  
as the source o f  the temperature f lu c tu a t io n s  i s  made by examining the  
data . The c o n v ec tiv e  type seems u n lik e ly  because o f the p o s it iv e  R i. 
Also there i s  no resem blance between the a fternoon  temperature f lu c ­
tu a tio n s  which are caused by con vection  and the morning temperature 
f lu c tu a t io n s  observed at a s in g le  l e v e l .  The previous a n a ly s is  o f  
p en etra tiv e  con vection  fu rth er in d ic a te s  the le s s e r  importance o f  t h is  
i n s t a b i l i t y .  The p a r a l le l  in s t a b i l i t y  mode i s  r e je c te d  m ainly on the  
b a s is  o f  the la rg e  observed Reynolds numbers. The resonance in s t a b i l ­
i t y  mode would have the development o f  the in s t a b i l i t y  throughout the 
s ta b le  la y e r . Because th ese  temperature f lu c tu a t io n s  appear to  be con­
fin ed  to  th e lower l e s s  s ta b le  reg ion s o f  the in v e r s io n , t h is  in s t a b i l ­
i t y  was not considered  to  be a p o ss ib le  sou rce. I t  i s  in  the in f l e c ­
t io n  p o in t in s t a b i l i t y  mode th at the g r e a te s t  agreement occurs between 
the data and the m odel. The large Reynolds number, estim ated  wave­
len g th s near 4tt6 , and the presence o f  the la r g e  wind shear a t an in ­
f le c t io n  p o in t c o in c id in g  w ith  the reg ion  o f  temperature f lu c tu a t io n s  
encourages fu rth er  in v e s t ig a t io n  o f  th is  in s t a b i l i t y  mode.
CHAPTER VI
THE INFLECTION POINT INSTABILITY MODEL
The i n f l e c t i o n  p o i n t  i n s t a b i l i t y  mechanism w i l l  be  i n v e s t i g a t e d  
w i t h  a l i n e a r  i n f i n i t e s i m a l  p e r t u r b a t i o n  m odel.  The p e r t u r b a t i o n s  a r e  
assumed h a rm o n ic  f u n c t i o n s  and w i l l  be c o n s id e r e d  t o  be u n s t a b l e  i f  t h e y  
i n c r e a s e  i n  a m p l i tu d e  w i th  t im e .
The i n i t i a l  a s su m p t io n s  i n  d e r i v i n g  th e  e q u a t i o n s  t o  d e s c r i b e  
t h i s  b o u n d a ry  l a y e r  phenomenon a r e  to  n e g l e c t  th e  v i s c o u s  te rm s  and w r i t e  
th e  R ey n o ld s  s t r e s s  te rm s  i n  t h e  form o f  an  eddy v i s c o s i t y  w i t h  c o n s t a n t  
c o e f f i c i e n t .  The e q u a t i o n s  o f  m o tio n  a r e  w r i t t e n  i n  a C a r t e s i a n  c o o r d i ­
n a t e  sy s te m . The c o n t i n u i t y  e q u a t i o n  i s  e x p re s s e d  i n  t h e  i n c o m p r e s s i b l e  
form by m aking th e  B o u ss in e sq  a p p ro x im a t io n  o f  n e g l e c t i n g  d e n s i t y  v a r i a ­
t i o n s  e x c e p t  i n  t h e  buoyancy te rm  o f  t h e  v e r t i c a l  momentum e q u a t i o n .  
A c c o rd in g  to  S p i e g e l  and V e ro n is  (1960), t h i s  i s  p o s s i b l e  when th e  v e r t i ­
c a l  d im e n s io n  o f  t h e  f l u i d  i s  much l e s s  t h a n  th e  s c a l e  h e i g h t  o f  th e  
f l u i d .  I n  t h i s  s tu d y  th e  boundary  l a y e r  t h i c k n e s s  i s  much l e s s  t h a n  th e  
s c a l e  h e i g h t  o f  an  a tm o sp h e re  w hich  i s  assum ed a d i a b a t i c .  The th e rm o ­
dynamic e q u a t i o n  h a s  th e  a d d i t i o n  o f  a  d i f f u s i o n  te rm  t o  a c c o u n t  f o r  eddy 
t r a n s p o r t  o f  h e a t  i n  th e  boundary  l a y e r .  The d im e n s io n a l  s e t  o f  e q u a t i o n s  
i s  t h e n
•' '^m ox  a y  o z
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(1 7 )
p* = p* R T * ^
w here  t h e  d e f i n i t i o n s  o f  t h e  sym bols  a r e  g iv e n  i n  T a b le  1 . The s t a r s  
i n d i c a t e  t h e  v a r i a b l e s  a r e  d i m e n s io n a l .  The c o o r d i n a t e s  a r e  u n s t a r r e d  
f o r  c o n v e n ie n c e .  These  e q u a t i o n s  a r e  now made n o n - d im e n s io n a l  w i t h  t h e  
f o l l o w i n g  p a r a m e t e r s :
m a —  ■
u* = V g U ,  V *  =  V g V ,  * *  "  Vg w , X  = Lx , y  = Ly ,
z = Hz , p*  = Pp , p* = "p p , P* = "p P „ , (1 8 )
m “
T* = 0 T ,  t = ^ t .
g
i h e  s p a c e  and  t im e  c o o r d i n a t e s  a r e  d im e n s io n a l  when w r i t t e n  w i t h  d im en­
s i o n a l  v a r i a b l e s  and  a r e  n o n - d im e n s io n a l  o t h e r w i s e .  E qs .  (17) now a r e
w r i t t e n .
47
K V . 2  ^2 K V , 2
+  4  = 0 -
L ÔX ôy H ÔZ
in
K V . 2  ^2 K V . 2
- - V  < H  + M >  M  = o -
L 3x^ 3y  H ôz
K V H . 2  -2  K V ^2
_ - ^ .-S /  È_w r ^  \  _ _SLu& ^  = 0
L^ ax^  ay"  “  a z "
%  ( 4 + 4 )  - ^  4  '
L ôx^ ôy H ôz'^
The f o l l o w i n g  n o n - d im e n s io n a l  p a r a m e t e r s  w i l l  be u s e d ;
V H
Re = a  R eyno ld s  num ber,
m
V
Ro = a  Rossby  num ber.
(19)
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Pn = —5“ , P r  = ^  a  P r a n d t l  num ber,
V
g
g = , X = an  a s p e c t  r a t i o .
°  V
g
W ith  t h e s e ,  (19) i s  w r i t t e n  as
2 2 K 2
‘ a x '  a y '  '  '  f H '  a x '  '
%2 K 2̂
( ^ + ^ )  - - = 2 ^  = 0 ,
ÔX ôy fH ÔZ
"  I ;  +  V I #  +  w I ;  ) +  So +  ;  I ;
(20)
(21)
S - t - S  = 0 . P = - ^ P T .
-  m  ( A  +  6  ) .  A  .  0 
ax' a y ' ’ fH'pr ax'
A s c a l e  a n a l y s i s  i s  made o f  t h e s e  e q u a t io n s  u s i n g  a  s m a l l  param ­
e t e r  e x p a n s io n  o f  th e  v a r i a b l e s .  T h is  i s  done by w r i t i n g  t h e  v a r i a b l e s
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a s  power s e r i e s  i n  some s m a l l  p a r a m e te r .  The s e r i e s  a r e  th e n  s u b s t i t u t e d  
f o r  t h e  v a r i a b l e s  i n  ( 2 1 ) .  F o r  e a c h  o f  t h e  pow ers o f  t h e  s m a l l  p a r a m e te r ,  
t h e  c o e f f i c i e n t s  o f  t h e  p a r a m e te r  c o n s t i t u t e  a  s e p a r a t e  s e t  o f  e q u a t i o n s .  
The s c a l e  o f  m o t io n  gov e rn ed  by each  s e t  i s  d e p e n d e n t  upon how much l e s s  
th a n  one th e  s m a l l  p a ra m e te r  i s .  Thu^ i t  i s  p o s s i b l e  t o  o b t a i n  a s e t  o f  
e q u a t i o n s  f o r  t h e  mean f lo w ,  a second  s e t  f o r  t h e  s e c o n d a r y  f low  and so  
on . I n  many c a s e s  i t  i s  p o s s i b l e  to  s e p a r a t e  a n o n l i n e a r  s e t  o f  equa ­
t i o n s  i n t o  s e v e r a l  s e t s  o f  l i n e a r  e q u a t i o n s .  The f i n a l  s o l u t i o n  to  t h e  
p ro b lem  i s  o b t a i n e d  by summing th e  o r i g i n a l  power s e r i e s .
F o r  t h i s  s tu d y  th e  i n t e r e s t  i s  on t h e  f i r s t  o r d e r  p e r t u r b a t i o n  
to  t h e  mean f lo w .  The s m a l l  p a ra m e te r  c h o se n  i s  x -  Many boundary  l a y e r  
phenomena a r e  l i m i t e d  i n  t h e i r  v e r t i c a l  e x t e n t  b u t  h a v e  no such  l i m i t  i n  
th e  h o r i z o n t a l  d im e n s io n s .  The p a r t i c u l a r  c a s e s  o f  t h i s  s tu d y  h a v e  an 
i n v e r s i o n  w h ich  l i m i t s  th e  v e r t i c a l  d im e n s io n  t o  t h e  o r d e r  o f  6. For 
t h i s  r e a s o n  i t  i s  e x p e c te d  th e  a s p e c t  r a t i o ,  x  = H /L , i s  l e s s  th a n  o n e .  
The power s e r i e s  e x p a n s io n s  o f  t h e  v a r i a b l e s  a r e
2
u = u^ +  X +  X u^ + . . .  ,
2
V = v^  +  X Vj +  X + . . .  ,
2
w = w^ +  X wj +  X + . . .  ,
P = p 1 +  X Pi' +  X^ PÔ + . .
2
T = T' +  X T' +  X T ' +  . . .  .
O 1 2
(22)
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C o n s i s t e n t  w i t h  t h e  B o u ss in e sq  a p p r o x i m a t io n ,  w i l l  b e  e q u a l  t o  i n  
th e  h o r i z o n t a l  momentum e q u a t i o n s .  The v a r i a b l e s ,  u ^ ,  uj^, e t c .  a r e  o f  
th e  o r d e r  o n e , b u t  x  <  1 f o r  t h e  c o n v e rg e n c e  o f  t h e  power s e r i e s .
I n s e r t i n g  (22) i n t o  (21) and  c o l l e c t i n g  te rm s  o f  z e ro  o r d e r  i n  
X, one o b t a i n s  a s e t  o f  e q u a t i o n s
3 u '  d u '  d u '  du '
^  +  ' ' o  - 8?  +  ” o -  ' ' i  +  ^  ^  = "■
dp ' K a f u 'o m o
dx ■ £H^ dz^
ÔP' K a f v '
__o m o
dy fH^ dz^
ô v '  dv ' Bv' dv ' „
"o " â î ' ' i  "Sy "Ô “i  ^  ^ “ O'
So +  J ;  - s ?  '  O ’
ôu ' dv ' dw'
dx dy dz
p ;  ■ ^  p ;  t ; ,
dT ' dT' dT ' ÔT
(23)
- 8? " Ô - s i ’ +  Y  ^
2 2 
fH P r  dz
T h is  s e t  r e p r e s e n t s  t h o s e  a tm o s p h e r ic  c o n d i t i o n s  n o t  i n f l u e n c e d  by th e  
m a g n i tu d e  o f  X an d  t h e  s o l u t i o n  t o  (23 )  i s  t h e  mean f lo w .  F u r t h e r  
s i m p l i f i c a t i o n  o f  t h e s e  e q u a t io n s  i s  p o s s i b l e  i f  we assum e h o r i z o n t a l  
u n i f o r m i t y  o f  u ^ ,  v ^ ,  T^ and  t h a t  w^ = 0 .  The z e r o - o r d e r  e q u a t i o n s  
w i t h  t h e s e  s i m p l i f i c a t i o n s  a r e
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o
ÔP' (24)
S . +  ^  - s ;  = ° .
ÔT'
The therm odynam ic  e q u a t i o n  im p l i e s  —gg  = c o n s t a n t .  The s o l u t i o n  to  
th e  momentum e q u a t i o n s  i s  t h e  Ekman s p i r a l  s o l u t i o n
u '  = 1 -  e  cos  z ,
* _z ,  (:5 )V* = e s i n  z o
w i t h  b o u n d a ry  c o n d i t i o n s  a t  z = 0 o f  u ^ '  = v ^ '  = 0 , a n d  a s  z v ^ '  = 0 ,
u  ' = V . A lso
and u  ' i s  t a k e n  t o  be  i n  th e  same d i r e c t i o n  a s  V .o  ' ^ g
The s e t  o f  f i r s t - o r d e r  e q u a t i o n s  from  ( 2 1 ) ,  (22) and u s i n g  th e
a s s u m p t io n s  on  u ' , v ' , w' and T ' i so o o o
- â ;  +  T ;  - â ;  + "1 - â ; )  - ’ l  ^  " S  -  ^
+ “i  “S  + ''i  1 5  + "1 "i ^  ^
n Pi n n ^i
5 ;  ̂  -  5 ;  ï ;  1 ;  -  5 ;  1 ;  ^  5 ;  = »■
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ôul ôvJ ôw'
" à ;  +  - â ;  +  " â ;  '
’’ P i  = Po +  '^O P i  •
(27)
P © R
ÔT' ÔT' ÔT' ÔT' „  K ô T2. ,
- â i  + "i - â ;  + "â; + "i (-a ! + # )]  -
m 1
fH ^Pr Ôz^
= 0 .
A co n seq u e n c e  o f  t h e  B o u ss in e sq  a p p r o x im a t io n  a s  shown by  S p i e g e l  and  
V e r o n is  (1960) i s
Pi T'
TT +  %r =  0 .  (27a)
o o
T h is  i s  s u b s t i t u t e d  i n t o  th e  v e r t i c a l  momentum e q u a t i o n  t o  g iv e
n ®Pi ^ i
^  - â ï  -  r  '  » •o o
I t  w i l l  now b e  assum ed t h a t  th e  s t r u c t u r e  o f  t h e  i n s t a b i l i t y  i s  two
ô (  ) i
d im e n s io n a l  such  t h a t  a lo n g  th e  x  a x i s ,  — = 0 .  The c o o r d i n a t e  
t r a n s f o r m a t i o n  i s  a  r o t a t i o n  by  a n  a n g le  e from  ( s e e  F i g .  1 ) .  E q s .  
(2 7 ,  27b) become th e n
0
ÔU. ÔU- ÔU V 0~u,
( -ÔÏ: +  ^ o  - ô 7  +  *1 " â ;  )  -  °»
K° < - â i ;  +  Y ,  +  «1  - ^ 2  ) +  *1  +  E S :  -  -^5  - - - 1 . 0 ,
n  9Pi T. (28)
r  -  r  So = 0 ,
o o
ôv^ ôw.
- 1 ?  ^  ^
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A
'p  © fH“ P r  ôz*
The s o l u t i o n s  to  t h e  z e r o  o r d e r  e q u a t i o n s  i n  t h e  new c o o r d i n a t e s  a r e
BT. ÔT, St  „ u  a  T.
" â l  +  T'o " a ; '  +  " i  ( "1 ) ;  + ( f :  :  ) ]  -  °  •
u = u '  COS e +  v '  s i n  e , 
o o o ’
V = - v '  s i n  e +  v* cos  e . o o o
(29)
The a s s u m p t io n  o f  t h e  tw o - d im e n s io n a l  s t r u c t u r e  i s  made on th e  
b a s i s  t h a t  t h e  i n f l e c t i o n  p o i n t  i n s t a b i l i t y  o c c u r s  i n  p l a n e  p a r a l l e l  
f lo w  ( L in ,  1 9 4 5 ) .  A lso, o b s e r v a t i o n s  o f  i n f l e c t i o n  p o i n t  i n s t a b i l i t y  i n  
l a b o r a t o r y  f l u i d  f lo w  e x p e r im e n ts  show a  tw o -d im e n s io n a l  s t r u c t u r e  to  
t h e  i n s t a b i l i t y  waves ( F a l l e r  and K a y lo r ,  1 9 6 6 ) .
A number o f  term s i n  th e  b o u n d a ry  l a y e r  e q u a t io n s  (17)  do n o t  
a p p e a r  i n  (28) b e c a u s e  t h e y  a r e  o f  a  h i g h e r  o r d e r  i n  X . The d e g r e e  to  
w h ich  th e y  a r e  a c t u a l l y  s m a l l e r  i n  m a g n i tu d e  depends  on how much l e s s  
t h a n  one i s  X. The s m a l l e r  e f f e c t s  g e n e r a t e d  by  th e s e  h i g h e r  o r d e r  te rm s  
ca n  b e  i n c l u d e d  i n  t h e  s t a b i l i t y  a n a l y s i s  by a d d in g  t h e s e  te rm s  t o  (28) 
w i t h  pow ers  o f  X a s  t h e i r  c o e f f i c i e n t s .  Eq. 28 th e n  becomes
2 2 ÔU, ÔU, ÔU V- 9 u ,  . 9 u .
—1  +  V —i  + w — o _ _ J L -------1  .  - i --------- i  = 0
9 t  o 9y 1 9z Ro Re ^^2 Rex ^^2 ’
o o 9y 9z
9v. 9w.
- Ï Ç  *  — z  -
(30)
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v h e r e  ^  ^  +  JÊ. J L  \
ÔZ  ̂ 3z ^  Cp @ '  '
An i n v e s t i g a t i o n  by  L i l l y  (1966) shows a s  Ro i n c r e a s e s  th e  c o u p l in g  
be tw een  th e  u and v  momentum e q u a t i o n s  v i a  t h e  C o r i o l i s  f o r c e  becomes u n ­
im p o r ta n t  t o  t h e  Ekman l a y e r  i n s t a b i l i t y .  When th e  i n f l e c t i o n  p o i n t  i n ­
s t a b i l i t y  d o m in a te s  a t  l a r g e  R eynolds  num bers , th e  u momentum e q u a t i o n  
can  be  n e g l e c t e d .  S in c e  XRe = 2Ro, th e  m ag n i tu d e  o f  t h e  C o r i o l i s  te rm s 
and th e  v e r t i c a l  eddy t r a n s p o r t  te rm s a r e  o f  t h e  same o r d e r .  T h e i r  p h y s i ­
c a l  c o n t r i b u t i o n  t o  th e  i n s t a b i l i t y  p rob lem  a r e  d i f f e r e n t ,  h ow ever .  The 
eddy v i s c o u s  te rm s  become im p o r ta n t  a t  th e  b o u n d a r i e s  and a t  t h e  c r i t i c a l  
l a y e r  w here  th e  p h a s e  sp e ed  o f  th e  i n s t a b i l i t y  and  t h a t  o f  th e  mean wind 
sp e ed  become e q u a l .  I n  a d d i t i o n ,  t h e  eddy v i s c o u s  te rm s  a r e  t h e  m ost 
h i g h l y  d i f f e r e n t i a t e d  te rm s .  F o r  t h e s e  r e a s o n s  th e  C o r i o l i s  te rm s  w i l l  
be  d ropped  from ( 3 0 ) ,  b u t  th e  eddy v i s c o u s  te rm s  r e t a i n e d .  The s e t  o f  
e q u a t i o n s  f o r  t h e  i n f l e c t i o n  p o i n t  i n s t a b i l i t y  model i n  a  s t r a t i f i e d  
a tm o sp h e re  a r e
2 2oVf ov^ 3v^ n  ^ Ô v^
ô t  '^o dy ” l  dz  dy Re ^^2 " Rex ^^2 ® ’
2 , ^ 1  , , , n X/  I .......... 4- \7 ■ ' " - I 4- " ■ ' " — ' ■ ■ o •  ■ ■■ ■”  — ■ - _
o o dy dz
dv. dw-
d t  o dy 1 dz R ePr ^ 2  ReXPr ^^2
(31)
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From th e  tow er d a t a  i t  i s  p o s s i b l e  t o  d e te r m in e  a l l  o f  t h e  c o e f ­
f i c i e n t s  o f  t h e  w ^ , and te rm s  o f  ( 3 1 ) .  C r o s s - d i f f e r e n t i a t i o n  
and s u b t r a c t i o n  w i l l  e l i m i n a t e  p r e s s u r e  from th e  e q u a t i o n s .  Then (31) 
becomes a  s e t  o f  l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s .  V a r io u s  s i m p l i ­
f i c a t i o n s  o f  t h i s  s e t  o f  e q u a t i o n s  a r e  p o s s i b l e  d ep e n d in g  upon th e  v a lu e s  
o f  X and Re. F o r  X c l o s e  t o  o n e ,  t h e  m ag n i tu d e  o f  Re d e te r m i n e s  how 
much s m a l l e r  th e  eddy t r a n s p o r t  te rm s  a r e  compared to  t h e  a c c e l e r a t i o n  
and p r e s s u r e  te rm s .  A s  R e  - •  <» th e  p rob lem  r e d u c e s  t o  t h e  s t r a t i f i e d  Ra­
l e i g h  s t a b i l i t y  e q u a t i o n .  T h i s  e q u a t i o n  p o s s e s s e s  s i n g u l a r i t i e s ,  how ever.
As X becomes s m a l l e r ,  t h e  m odeled  p h y s i c a l  s t r u c t u r e  c h a n g es
from  s y m m e tr ic a l  d im e n s io n s  t o  a s t r u c t u r e  w i t h  a  much l a r g e r  h o r i z o n t a l
e x t e n t  compared t o  i t s  d e p th .  T h i s  would  be a p p r o p r i a t e  to  b o u n d a ry
l a y e r  phenomena t h a t  a r e  r e s t r i c t e d  i n  t h e  v e r t i c a l  d i r e c t i o n  by s t a b l e
r e g i o n s  o r  wind s h e a r  r e g i o n s .  The e f f e c t  on (31) i s  t o  i n c r e a s e  th e
im p o r ta n c e  o f  th e  v e r t i c a l  eddy t r a n s p o r t  te rm s  and t o  d e c r e a s e  t h e  v e r t -
c a l  a c c e l e r a t i o n .  The h o r i z o n t a l  eddy t r a n s p o r t  te rm s  a r e  s m a l l e r  th a n
2
t h e  v e r t i c a l  eddy te rm s  by a  f a c t o r  o f  X _ These  c o n c lu s i o n s  c a n  be v e r i ­
f i e d  from th e  l o c u s  o f  th e  m ost u n s t a b l e  p e r t u r b a t i o n  found  i n  a l i n e a r  
p e r t u r b a t i o n  a n a l y s i s  by Brown (1972a) o f  a s e t  o f  e q u a t i o n s  s i m i l a r  to  
( 3 1 ) .  The c o e f f i c i e n t s  o f  t h e  v e r t i c a l  v e l o c i t y  te rm s  a r e  found  t o  be 
0 .2 5  th e  v a lu e  o f  t h e  h o r i z o n t a l  v e l o c i t y  t e r m s ,  and th e  h o r i z o n t a l  eddy 
te rm s  a r e  0 .2 5  th e  v a lu e  o f  t h e  v e r t i c a l  eddy te rm s .
Brown (1970) f i n d s  t h a t  f o r  a  n e u t r a l  a tm o sp h e re  t h e  model p r o ­
d u c e s  an e q u i l i b r i u m  f lo w  c o n s i s t i n g  o f  a  m o d i f ie d  Ekman s p i r a l  p l u s  a 
h e l i c a l  s e c o n d a ry  f lo w .  He s p e c u l a t e s  t h a t  f o r  a  s t a b l e  a tm o s p h e re  i t  
m ig h t  be p o s s i b l e  f o r  th e  Ekman s p i r a l  t o  d e v e lo p .  W ith  w arm ing p ro d u c in g
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an  a d i a b a t i c  r e g i o n  i n  th e  lo w e r  l e v e l s ,  t h e  i n f l e c t i o n  p o i n t  i n s t a b i l i t y
c o u ld  b e g i n  t o  o p e r a t e  when t h e  l e s s  s t a b l e  a i r  r e a c h e d  th e  i n f l e c t i o n
p o i n t  h e i g h t .  I t  a p p e a r s  t h a t  t h i s  i s  t h e  c a s e  s e e n  i n  t h e  to w e r  d a t a .
The s c a l i n g  i n d i c a t e s  s m a l l  v e r t i c a l  a c c e l e r a t i o n s  w hich  w ould  i n h i b i t
l a r g e  g row ing  u n s t a b l e  p e r t u r b a t i o n s .  The i n s t a b i l i t y  s h o u ld  be l i m i t e d
t o  th e  i n c i p i e n t  s t a g e  o f  th e  i n s t a b i l i t y  mode. The t u r b u l e n c e  g e n e r a t e d
would h a v e  a  s m a l l  v e r t i c a l  s c a l e .
W ith  t h e  fo rm  o f  t h e  c o n t i n u i t y  e q u a t i o n  i n  ( 3 1 ) ,  t h e  v e l o c i t y
com ponents c a n  be  w r i t t e n  i n  te rm s  o f  a  s t r e a m f u n c t io n ,  i . e . ,  v^  = 9i|i/ôz,
w^ = -Si|f/Qy . P r e s s u r e  may b e  e l i m i n a t e d  from  t h i s  s e t  o f  e q u a t i o n s  by
c r o s s - d i f f e r e n t i a t i o n  and s u b t r a c t i o n  o f  t h e  v^ and  ŵ  ̂ momentum e q u a t i o n s .
From th e  z e r o - o r d e r  s e t  o f  e q u a t i o n s ,  s o l u t i o n s  a r e  known f o r  v  and  T .o o
The n o n - d im e n s io n a l  p a r a m e te r s  may be  s p e c i f i e d  from  th e  to w e r  d a t a .  A 
l i n e a r  p e r t u r b a t i o n  a n a l y s i s  o f  t h e  i n f l e c t i o n  p o i n t  i n s t a b i l i t y  c a n  be 
done by  a ssu m in g  t h e  s t r e a m f u n c t i o n  and  t e m p e r a tu r e  a r e  s p e c i f i e d  a s  
s im p le -h a rm o n ic  p e r t u r b a t i o n s  o f  t h e  form
Y = cp exp [ i  a ( y  -  c t ) ]  ,
(32)
T^ = T exp [ i  a ( y  -  c t ) ]  .
The wavenumber i s  a  and  c i s  t h e  com plex  p h a s e  s p e e d ,  c = c ^  +  i  c ^ .  
cp and T a r e  f u n c t i o n s  o f  z .  S u b s t i t u t i o n  o f  (32)  i n t o  (31)  r e s u l t s  i n
t h e  f o l l o w i n g  s e t  o f  p e r t u r b a t i o n  d i f f e r e n t i a l  e q u a t i o n s
2 2̂ 
i  0'X R e { (v  -  c ) [  ] -----------f  9  }
-  + 2 ^  -  û fV cp  + ^  = 0 , (33)
ÔZ dz o
2
i  a X R e P r  { (v -  c )  t  -  cp} -  ^  +  o f ^ T  
°  dz2
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I t  i s  p o s s i b l e  to  a r r a n g e  t h i s  s e t  a s  a  s i n g l e  s i x t h - o r d e r  d i f f e r e n t i a l  
e q u a t i o n  i n  cp. I t  i s
6 4
-  [3 Qf^X  ̂ +  ioXRe (v ^ -c )  (1+Pr) ] 
dz  dz
-  2 ioXRe ^  +  [3  a V  +  2 i a ^ R e  (v - c )  (1 +  P r)ÔZ o
9 9 9 9 « n ^ ^ 0-1 ^
-  O' X Re Pr (v - c )  ]  — ?  + 2 iaX R eC  r  +  or X dz dz
°  dz dz
+ [ a  X + i a X R e   ^  -  i e  X Re(v - c )  (1 4- P r )
dz
d^v
+  o ^ x ^ R e ^ P r  j  ( v ^ - c )  +  a^X ^ R e^ P r(v ^ -c )^
dz
-  o^X^Re^Pr R i^  ] cp = 0
T h is  c o n s t i t u t e s  a n  e ig e n v a l u e  p rob lem  w here  c i s  t h e  com plex e ig e n v a lu e  
and cp i s  th e  e i g e n f u n c t i o n .  The b o unda ry  c o n d i t i o n s  a r e  s e t  a t  z = 0 and 
a t  some h e i g h t  H’ . The b o u n d a ry  c o n d i t i o n s  ch o sen  f o r  t h e  c a s e s  h e r e  a r e  
v^ = w^ = T^ = 0 a t  z = 0 and z = H ' .  I n  te rm s o f  cp t h e s e  b o u n d a ry  co n ­
d i t i o n s  a r e
9 ( 0 )  = 1 ^  (0) = 0 ,
4 2 (35)
^  (0) +  [iOfXRe c -  2 ^  (0) = 0 ,
dz dz
and
9 ( H ')  = ^  (H ')  = 0,
(36)
^  (H ')  +  [icyXRe ( c - v ^ ( H ') )  -  2 a V ]  ^  (H ')  = 0 .
dz dz
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From th e  d a t a  a r e  o b t a i n e d  t h e  v a l u e s  o f  X, Re, P r  and  R i^ .  The Ekman 
s o l u t i o n s  w i t h  know ledge o f  and 6 p r o v id e s  v a l u e s  o f  v ^  and  i t s  d e r i v a ­
t i v e s .  Eq . (34) w i t h  b o u n d a ry  c o n d i t i o n s  (35) and  (36) i s  s o lv e d  f o r  th e  
e ig e n v a lu e  c .  The p e r t u r b a t i o n s  w i l l  grow i n  a m p l i t u d e  w i t h  t im e  f o r  a  
p o s i t i v e  c ^ .  Thus i n f l e c t i o n  p o i n t  i n s t a b i l i t y  i s  r e v e a l e d  when th e  s o l u ­
t i o n  i s  c^  >  0 .  The method em ployed to  s o lv e  ( 3 4 ) ,  (35) and  (36) i s  th e  
" s h o o t i n g  m e th o d " .  I t  i s  d e s c r i b e d  i n  t h e  a p p e n d ix .  The n e x t  c h a p te r  
g iv e s  t h e  r e s u l t  o f  u s in g  t h e  tow er m easu red  d a t a  i n  t h i s  i n s t a b i l i t y  
m o d e l .
CHAPTER VII
COMPARISON OF THE DATA AND THE INFLECTION POINT INSTABILITY MODEL
C o n f id e n c e  in  th e  i n f l e c t i o n  p o i n t  i n s t a b i l i t y  a s  t h e  s o u rc e  
o f  t h e  t u r b u l e n t  t e m p e r a tu r e  f l u c t u a t i o n s  w i l l  be a c q u i r e d  i f  i n p u t  o f  
t h e  tow er  d a t a  and e s t i m a t e s  o f  p a ra m e te r s  from  th e  tow er  d a t a  i n t o  t h e  
m odel p r o d u c e s  u n s t a b l e  p e r t u r b a t i o n s .  The m odel p a ra m e te r s  a r e  c a l c u ­
l a t e d  from t h e  d a t a  and th e n  (34) i s  s o lv e d  f o r  c .  The l i n e a r  p e r t u r ­
b a t i o n  m odel i n d i c a t e s  i n s t a b i l i t y  when c^ i s  g r e a t e r  th a n  z e r o .  I t  i s  
b e l i e v e d ,  b e c a u s e  o f  th e  s t r o n g  damping e x p e c te d  i n  th e  h i g h l y  s t a b l e  
r e g i o n s  o f  t h e  i n v e r s i o n ,  t h a t  f u l l y  d e v e lo p e d  f i n i t e - a m p l i t u d e  p e r t u r ­
b a t i o n  f lo w s  w i l l  n o t  d e v e lo p .  The i n c i p i e n t  i n s t a b i l i t y  p r e d i c t e d  by 
th e  i n f i n i t e s i m a l  p e r t u r b a t i o n  a n a l y s i s  s h o u ld  th e n  be a d e q u a te  f o r  t h e  
e x p l a n a t i o n  o f  t h e  o b s e rv e d  t e m p e r a tu r e  f l u c t u a t i o n s .
I n  C h a p te r  IV w ere  d e te rm in e d  t h e  model p a ra m e te r s  Re and R i .  
The s p e c i f i c a t i o n  o f  v^  and i t s  d e r i v a t i v e s  depend upon 6 , V^ and e .  
T hese  a l s o  h a v e  b e e n  t a b u l a t e d  i n  t h a t  s e c t i o n .  The P r a n d t l  number h a s  
b e e n  s e t  a t  a  c o n s t a n t  1 .0  . The l i m i t s  o f  t h e  i n t e g r a t i o n  a r e  from 
z = 0 t o  z = H' = 66 . The p a ra m e te r s  a  and y  a r e  d e te rm in e d  from  6 and 
th e  e s t i m a t e d  w a v e le n g th s  w hich  a r e  f u n c t i o n s  o f  e .  The p r o d u c t
or X = ^ ^  = a *
can  be c a l c u l a t e d  from th e  v a l u e s  o f  6 and X. I t  h a s  b e e n  l i s t e d  i n  
T a b le s  4 and 5 a lo n g  w i th  t h e  o t h e r  p a r a m e t e r s .  I t  i s  p o s s i b l e  now to
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c a l c u l a t e  v a l u e s  o f  c^  and f i n d  w h e th e r  th e  model p ro d u c e s  t h e  i n f l e c ­
t i o n  p o i n t  i n s t a b i l i t y ,  g iv e n  i n p u t  from th e  tow er  d a t a .
The g row th  r a t e  i n  te rm s  o f  and 6 i s  a * c ^ .  T hese  have  b een  
l i s t e d  i n  T a b le  4 a t  0800 GST on 25 O c to b e r  and i n  T a b le  3 a t  0730 GST 
on 28 O c to b e r .  The lo c u s  o f  t h e  l a r g e s t  p o s i t i v e  g row th  r a t e  a t  0800 
GST, 25 O c to b e r  1971, i s  a t  a wavenumber 0 .4 3 6 /6  and e o f  35 . On 28
O c to b e r  1971, 0730 GST, i t  i s  a t  a *  =  0 .5 5 4 /6  and e i s  35 .
R e s u l t s  from Brown (1972a) and t h i s  s tu d y  show t h a t  th e  i n f l e c ­
t i o n  p o i n t  i n s t a b i l i t y  i s  c o m p le te ly  damped, c^  <  0 . 0 , f o r  R i^  >  0 . 02 .
On 25 O c to b e r  th e  t e m p e r a tu r e  f l u c t u a t i o n s  a r e  n o t  p r e s e n t  a t  0700 GST 
when a l l  R i^  a r e  g r e a t e r  t h a n  0 . 0 2 ,  b u t  have  s t a r t e d  a t  0730 GST when 
some o f  t h e  Ri, a r e  l e s s  t h a n  0 ,0 2 .  For f i x e d  v a l u e s  o f  Re and Ri, ,
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Brown (1972a)  h a s  s e a r c h e d  th e  e and a *  domain f o r  t h e  l o c u s  o f  t h e  
maximum p o s i t i v e  g row th  r a t e .  A d d i t i o n a l  c o m p u ta t io n s  w e re  c om ple ted  
f o r  t h i s  s tu d y  to  b e t t e r  d e f i n e  t h i s  lo c u s  in  th e  s t a b l e  r e g i o n .  F i g .
15 shows v a l u e s  o f  g row th  r a t e ,  a * c ^ ,  i n  t h e  e and a *  dom ain . I t  
shows t h a t  a t  th e  lo c u s  o f  maximum a * c ^ ,  e changes  from 20 a t  R i^  = 0 . 0 , 
t o  35 a t  R i^  = 0 .0 1 8 .  The wavenum ber, a * ,  c hanges  from  0 . 5 / 6  a t  
R i, = 0 . 0 ,  t o  0 ,4 3 /6  a t  Ri, = 0 .0 1 8 .  T hus ,  th e  r e s u l t s  o b t a i n e d  from
D D
t h e  to w er  d a t a  a g re e  w e l l  w i t h  t h e  v a l u e s  o f  e and a *  e x p e c t e d  f o r  t h e  
i n c i p i e n t  i n s t a b i l i t y  a t  R i^  c l o s e  t o  0 .0 2 .  The u n c e r t a i n t i e s  i n  d e ­
t e r m i n i n g  X from th e  d a t a  c o u ld  e a s i l y  a c c o u n t  f o r  t h e  v a r i a t i o n  in  
a *  a t  t h e  maximum grow th  r a t e .
Re = 1800
0 .0Ri,
.01
.02
20
40
û*
.5
. .6
- .7
70
60
Re = 1800 
R i^  = 0 .0 1 8
o*
. 5 .
.6.
.7  .
0
10
. 3 .
.4  .
20
.2 . . . 2
.00
.00
.006
. .3
. . 4 o*
30 40
50
.5
. .6  2  
. 7
70
60
F i g u r e  15 . V a lu e s  o f  th e  grow th  r a t e ,  o * c . .  U n i t s  o f  cy*c. a r e  V / 6, t h o s e  o f  o* a r e  1 / 6 .1 1 8
The f i g u r e  shows how t h e  l o c u s  o f  maximum g ro w th  r a t e ,  i n d i c a t e d  by + ,  c h an g es  a s  R i^  c h a n g es  
from  0 .0  t o  0 . 0 1 8 .  I t  a l s o  shows t h a t  a s  R i^  i n c r e a s e s  t h e  v a l u e  o f  t h e  g row th  r a t e  d e c r e a s e s .
CHAPTER VIII
CONCLUSION
Observed in  the tower data are temperature f lu c tu a t io n s  which 
occur near the i n f l e c t i o n  p o in t in  the wind p r o f i l e .  I t  i s  suggested  
th a t  the i n f l e c t i o n  point i n s t a b i l i t y  mechanism i s  r e s p o n s ib le  for  
th ese  temperature f lu c t u a t io n s .  Here i s  how i t  might occur. An Ekman 
wind p r o f i l e  d ev e lo p s  w ith in  the s ta b le  s t r a t i f i c a t i o n  o f  the nocturnal  
in v e r s io n .  A fter  su n r ise  the s m a l l - s c a le  su r fa ce - la y e r  turbulence  
c r e a te s  an a d ia b a t ic  region  near the heated  earth . As time p asses  
and more h ea t  i s  added, the depth o f  t h i s  ad iab atic  reg ion  in c r e a se s .
The t r a n s i t io n  la y e r  between the a d ia b a t ic  layer and the in v e r s io n  reg ion  
moves upward. As the t r a n s i t io n  la y er  encounters the i n f l e c t i o n  po in t  
in  the wind p r o f i l e ,  the Richardson number at the i n f l e c t i o n  point  
b eg in s  to  d e c r e a se .  When the Richardson number f a l l s  below a c e r ta in  
v a lu e ,  the i n f l e c t i o n  po in t i n s t a b i l i t y  mechanism begins to  op erate .
The i n s t a b i l i t y  occurs as s m a l l - s c a le  turbulence which i s  s e v e r e ly  damped. 
Further upward movement o f  the t r a n s i t io n  layer a l t e r s  the wind p r o f i l e  
such that the h e ig h t  o f  the i n f l e c t i o n  po in t a ls o  r i s e s .  Thus, the in ­
f l e c t i o n  p o in t  con tin u es  to  be w ith in  a s ta b le  reg ion  and the i n s t a b i l ­
i t y  remains in  an in c ip ie n t  s t a t e .  This in c ip ie n t  s t a t e  i s  ch aracter­
ized  by the la r g e  value o f  e and i s  confined  to  a shallow  la y e r .
The presen ce  o f  the i n s t a b i l i t y  appears to  have some e f f e c t  on 
the ra te  o f  d i s s ip a t io n  o f  the nocturnal in vers ion . Because o f  the fo g .
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t h e  r a t e  o f  h e a t i n g  a t  th e  e a r t h ' s  s u r f a c e  on  28 O c to b e r  1971 i s  l e s s  
t h a n  th e  h e a t i n g  r a t e  on 25 O c to b e r  1 971 . However, on b o th  m orn ings  
t h e  i n v e r s i o n  d i s s i p a t e d  a t  a b o u t  th e  same r a t e .  The t r a n s i t i o n  t o  a  
s u p e r - a d i a b a t i c  b o u n d a ry  l a y e r  was d e l a y e d  t h r e e  t o  f o u r  h o u r s  o v e r  
t h e  t r a n s i t i o n  p e r i o d  on 25 O c to b e r .  I t  seems th e  i n s t a b i l i t y  c o u ld  
h a v e  a c o n s i d e r a b l e  c o n t r i b u t i o n  to  t h e  m ix in g  p r o c e s s  a t  t h e  i n v e r ­
s i o n  b a s e  and  t h e  s u b s e q u e n t  d i s s i p a t i o n  o f  th e  i n v e r s i o n .  The i n v e r ­
s i o n  b e h a v i o r  m odel shows a  l a r g e  c o n t r i b u t i o n  from  th e  b r e a k i n g  wave 
p a r a m e t e r i z a t i o n  on  25 and 28 O c to b e r .
The o t h e r  Ekman l a y e r  i n s t a b i l i t i e s ,  i . e . ,  c o n v e c t i v e ,  p a r a l l e l  and 
r e s o n a n c e  do n o t  re s e m b le  th e  o b s e rv e d  b o u n d a ry  l a y e r  s t r u c t u r e  a s  w e l l  
a s  t h e  i n f l e c t i o n  p o i n t  i n s t a b i l i t y  m odel d o e s .  The d i s t i n c t i o n  b e tw e en  
o t h e r  i n s t a b i l i t y  mechanisms and  th e  i n f l e c t i o n  p o i n t  mechanism  c a n n o t  
be c o m p le te ly  r e s o l v e d  w i th  th e  s i n g l e  to w e r  and 90 m s p a c in g  o f  t h e  
m easurem ent l e v e l s .  To do t h i s  i t  w ould  b e  n e c e s s a r y  t o  o b s e rv e  t h e  
f i n e  s t r u c t u r e  o f  th e  t e m p e r a tu r e  and  t h e  t h r e e - d i m e n s i o n a l  v e l o c i t y  
com ponen ts .  I t  i s  p o s s i b l e  h o w e v e r ,  t o  com pare some a s p e c t s  o f  t h e  
to w e r  d a t a  and  th e  i n s t a b i l i t y  m o d e l .  The re s e m b la n c e  i s  q u i t e  good 
o f  th e  o b s e rv e d  mean wind p r o f i l e  t o  t h e  Ekman s p i r a l  w h ich  i s  t h e  mean 
w ind  p r o f i l e  o f  t h e  m odel. F o r  t h e  p e r t u r b a t i o n  q u a n t i t i e s ,  w ind  and  
t e m p e r a tu r e  d a t a  m easured  on th e  m e t e o r o l o g i c a l  tow er  have  b een  u se d  
t o  d e r i v e  i n p u t  p a r a m e te r s  t o  a  l i n e a r  i n f i n i t e s i m a l  p e r t u r b a t i o n  m odel 
o f  t h e  i n f l e c t i o n  p o i n t  i n s t a b i l i t y  m echan ism . The p e r t u r b a t i o n s  h a v e  
p o s i t i v e  g ro w th  r a t e s  and so  i n d i c a t e  i n s t a b i l i t y  f o r  c e r t a i n  v a l u e s  
o f  t h e  i n p u t  d a t a .  Based on t h e  l a r g e s t  p o s i t i v e  grow th  r a t e ,  t h e  i n ­
s t a b i l i t y  i s  o r i e n t e d  35* to  t h e  l e f t  o f  t h e  g e o s t r o p i c  w ind  and h a s  
a  wavenumber o f  0 .4 4 / 6  on 25 O c to b e r  a n d  0 .5 5 / 6  on 28 O c to b e r .  A n o th e r
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p a r a m e t e r  o f  th e  model i s  th e  a s p e c t  r a t i o .  T h is  i s  t a b u l a t e d  i n  Tab le  7 . 
The m a g n i tu d e  o f  X a t  th e  o r i e n t a t i o n  a n g le  a s s o c i a t e d  w i t h  t h e  maximum 
p o s i t i v e  g row th  r a t e  o f  th e  p e r t u r b a t i o n  i s  0 .1 4  on 25 O c to b e r  and 0 .1 8  on 
28 O c to b e r .  T h is  r e s u l t  c o n f i r m s  th e  sm a l l  p a ra m e te r  a s s u m p t io n  i n  C h a p te r  
V I.
TABLE 7
ASPECT RATIO FOR DIFFERENT VALUES OF e
D ate  Time
25 O c to b e r  1971 0800
28 O c to b e r  1971 0730
e X
20 ! 0 .3 7 7 4
25 0 .2398
30 ; 0 .1 7 6 4
3 5 , 0 .1388
40 0 .1 1 5 8
45° 0 .1008
50° 0 .0891
55° 0 .0806
60° 0 .0 7 3 4
20° 0 .4997
25 [ 0 .3011
30 [ 0 .2228
35 0 .1763
40° 0 .1477
45° 0 .1267
50 0 .1117
55° 0 .1009
60° 0 .0 9 2 0
The v a l u e  o f  t h i s  a n a l y s i s  o f  th e  tow er  d a t a  i s  to  show th e  
v a l i d i t y  o f  t h e  Ekman l a y e r  m odel t o  an  a tm o s p h e r ic  b o u n d a ry  l a y e r  p r o b ­
lem . The l a c k  o f  o b s e r v a t i o n s  o f  t h e  Ekman s p i r a l  h a s  r e s u l t e d  i n  some 
n e g l e c t  o f  i t s  s t u d y .  T h is  a p p l i c a t i o n  o f  th e  i n f l e c t i o n  p o i n t  i n s t a b i l i t y  
m odel t o  t h e  o b se rv e d  to w er  d a t a  s u p p o r t s  th e  i d e a  o f  an  Ekman t r a n s i t i o n  
l a y e r  d u r in g  th e  d i s s i p a t i o n  o f  a  m orn ing  i n v e r s i o n .  The model o f  i n v e r ­
s ion  dynam ics shows a  c o n t r i b u t i o n  o f  t h i s  w ind  s h e a r  i n s t a b i l i t y  i n  some 
c a s e s  to  th e  d i s s i p a t i o n  o f  t h e  n o c t u m a l l y  formed s u r f a c e  i n v e r s i o n .
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APPENDIX
T h i s  s e c t i o n  d e s c r i b e s  th e  n u m e r ic a l  method u sed  to  s o lv e  th e  
d i f f e r e n t i a l  e ig e n v a lu e  p roblem  ( 3 4 ) ,  I t  i s  known a s  th e  " s h o o t i n g  
m ethod" and i s  t h e  same method u sed  by Brown (1972a) and Brown and Lee 
(1 9 7 2 ) .
The p r o c e d u r e  i s  t o  f i r s t  e s t i m a t e  th e  e i g e n v a l u e ,  c .  W ith  t h i s  
e s t i m a t e  t h e  p ro b le m  becomes a  l i n e a r  b o u n d a ry  v a lu e  p ro b le m . The n - t h -  
o r d e r  d i f f e r e n t i a l  e q u a t i o n  can  be w r i t t e n  a s  a  sys tem  o f  f i r s t  o r d e r  
d i f f e r e n t i a l  e q u a t i o n s ,  e . g . ,
Ô Z
^  = A (z )$ ,  w here  I  =dz ~
n
(Al)
and ^  i s  th e  n x n m a t r ix  c o n t a i n i n g  th e  c o e f f i c i e n t s  o f  t h e  d i f f e r e n t i a l  
e q u a t i o n s .
The g e n e r a l  s o l u t i o n  to  th e  l i n e a r  boundary  v a lu e  p ro b le m  o f  n - t h -  
o r d e r  w i t h  k b o u n d a ry  c o n d i t i o n s  a t  t h e  i n n e r  boundary  i s  a s u p e r p o s i t i o n  
o f  k l i n e a r l y  in d e p e n d e n t  s o l u t i o n s ,  i . e . .
cp(z) = 9 ( 1 )  +  Pg cp(2) +  ' ' - +  Bk (P(k) (A2)
The $ s  a r e  c h o s e n  so a s  t o  s a t i s f y  th e  i n n e r  boundary  c o n d i t i o n s .  The 
l i n e a r  b o u n d a ry  v a l u e  p rob lem  i s  now w r i t t e n  a s
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S  = A C )  1 .
B Y(0) = 0 ,
D Y (H ')  = 0 ,
(A3)
(A4)
(A5)
w here
Y =
( 1) 9 (2 ) 9 (k)
ô9
dz
0 1
ô"tp
01 â "9
ôz‘ dz n
D i s  a  ( n - k )  x  n  m a t r i x  and J  i s  a  k  x  n  m a t r i x .  Eq. (A4) i s  t h e  i n n e r  
b o u n d a ry  c o n d i t i o n  and (A5) i s  t h e  o u t e r  b o u n d a ry  c o n d i t i o n .  To s o lv e  
t h i s  l i n e a r  b o u n d a ry  v a l u e  p ro b le m , i n i t i a l  v a l u e s  o f  Y a r e  ch o sen  so 
a s  to  s a t i s f y  t h e  o u t e r  b o u n d a ry  c o n d i t i o n ,  i . e . ,  s a t i s f y  (A 5 ) . Eq. 
(A3) i s  i n t e g r a t e d  from  th e  o u t e r  b o unda ry  t o  th e  i n n e r  b o u n d a ry .  At 
th e  i n n e r  b o u n d a ry  th e  P ' s  a r e  found  by r e q u i r i n g
B Y(0)
P.
=  0 (A6)
Fo r  t h i s  to  b e  t r u e  t h e  d e t e r m i n a n t  o f  th e  c o e f f i c i e n t  o f  P ' s  m ust v a n i s h ,  
i . e . ,
B Y(0) I f ( c )  =* 0 . (A7)
Remember, h o w ev er ,  c was e s t i m a t e d ,  t h e r e f o r e  th e  d e t e r m i n a n t  w i l l  n o t
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v a n i s h  u n l e s s  t h e  g u e ss  was c o r r e c t .  Eq. (A7) s e t s  up a f u n c t i o n a l  r e l a ­
t i o n s h i p  b e tw e en  c and th e  c o n d i t i o n  t h a t  th e  d e te r m in a n t  v a n i s h .  Then c 
i s  found  by d e te r m in in g  th e  r o o t s  o f  t h e  f u n c t i o n  f ( c ) .  T h is  i s  an i t e r ­
a t i v e  p r o c e d u r e  w here  c i s  e s t i m a t e d ,  t h e n  th e  e s t i m a t e  i s  r e f i n e d  u n t i l  
t h e  i n n e r  b o u n d a ry  c o n d i t i o n  i s  s a t i s f i e d .
I n i t i a l l y  th e  columns o f  ^  a r e  o r th o g o n a l .  As th e  i n t e g r a t i o n  
p r o c e e d s ,  h o w e v e r ,  e r r o r s  due to  t h e  f i n i t e  a r i t h m e t i c  o f  th e  com puter  
w i l l  c a u s e  r a p i d l y  grow ing e r r o r s  t o  a c c u m u la te  and th e  s o l u t i o n s  w i l l  
no l o n g e r  r e m a in  in d e p e n d e n t .  I f  t h i s  w ere a llow ed  t o  c o n t in u e  th e  
s o l u t i o n  a t  th e  i n n e r  boundary  would be  m e a n in g le s s .  To overcom e t h i s  
p rob lem  a method o f  n e a r - o r t h o n o r m a l i z a t i o n  d e v e lo p e d  by C onte  (1966) 
i s  u s e d .  A check  i s  made a t  each  s t e p  o f  th e  i n t e g r a t i o n  and i f  t h e  
v e c t o r s
9 ( i )
( i )
111
^ 9 ( 1 )
d z n
i  = 1 , . . . , k  , (A8)
meet c e r t a in  non-orthogon ality  c o n d it io n s ,  they are orthonorm alized.
The Gram-Schmidt recu rss io n  formulas for orthnorm alizing a s e t
o f  v e c to r s  fo llow s:- ( 1) - ( k )
« ( 1) '  i ( i ) )  =
n
j=0 ” ( 1) • V ( i ) (A9)
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w here  £ ( 1)^ ^he complex s c a l a r  p r o d u c t ,  9 ^ ^  i s  th e  complex
c o n ju g a t e  o f  th e  j - t h  d e r i v a t i v e  o f  th e  f i r s t  in d e p e n d e n t  s o l u t i o n ;
, $
-11  "  ( & ( ! ) '  * ( 1) )  , 2 ( 1) = ,
- (2 )  " 1(2) ■ (&(2)' 2 ( i ) \ 5 ( l )  > ^22 " (%(2)' i (2 ) )^  '
2(2)
Z/ n \  = ^  , i  = l , . . . , k  , (AlO)
”22
2(i) l(i) " (i(i)' 2(i))3(i) - ••• - (i(i)' 2(i-i)l5(i-i) ' 
- l i  "  ^ - ( i ) ’ ~ ( i ) ) ^  » 2 ( 1) = ^11
The Z / . \  a r e  t h e  o r th o n o r m a l iz e d  v e c t o r s  t h a t  a r e  th e  i n i t i a l  c o n d i t i o n s  
f o r  t h e  n e x t  s t e p  o f  th e  i n t e g r a t i o n .
The c r i t e r i a  f o r  d e te r m in in g  i f  i t  i s  n e c e s s a r y  t o  o r th o n o r m a l iz e  
th e  v e c t o r s  i s  to  d e te r m in e  th e  a n g le  be tw een  t h e  v e c t o r s  and to— (L)
o r th o n o r r a a l i z e  when any o f  t h e  a n g le s  become to o  s m a l l .  T h is  c r i t e r i a  
can  be w r i t t e n  a s
r  - 1m in ) cos
( i , j )
( * ( ! ) '  ~ ( i ) )
[ ( ~ ( i ) '  l ( i ) ) ( - ( j ) '
) i , j  1 , . . .  ,k
I  <  Y’ , 1 V ; . ( A l l )
The a n g le  y '  h a s  a r a n g e ,  0 <  y '  <  90 . For  y '  = 90 th e  o r th o n o r m a l i ­
z a t i o n s  o c c u r  a t  each  s t e p  o f  th e  i n t e g r a t i o n .  For l e s s  th a n  90 , com­
p u t e r  t im e  i s  saved  w h i l e  t h e  p a r a s i t i c  e r r o r  i s  s t i l l  c o n t r o l l e d .  Gen­
e r a l l y  t h e r e  i s  an  optimum y ' , b u t  t h i s  f a c e t  o f  th e  m ethod was n o t  ex ­
p l o r e d .
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Now th e  p r o c e d u r e  w i l l  be shown f o r  t h e  p ro b lem  i n  t h i s  s tu d y .  
The s i x t h  o r d e r  d i f f e r e n t i a l  e q u a t i o n ,  ( 3 4 ) ,  c a n  be w r i t t e n  a s
+  c^cp^ +  c^cp^^ +  CjCp^^^ +  c^cp^^ +  c^cp^ +  c^cp = 0 , (A12)
w here  th e  s u p e r s c r i p t s  i n d i c a t e  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  to  z and 
th e  c ' s  r e p r e s e n t  t h e  c o e f f i c i e n t s  o f  th e  d i f f e r e n t i a l  e q u a t i o n .  The 
boundary  c o n d i t i o n s  a t  z = 0 a r e ,  = w^ = T^ = 0 .  At z = H ' , t h e y  
a r e  th e  same. The l i n e a r  sys tem  o f  f i r s t  o r d e r  d i f f e r e n t i a l  e q u a t i o n s
11 111 I Vi s  y^ = Ç , y% = ?  , y^ =<p , y^ = cp , y^ = ?  , y^ = cp , and
d
dz
0 1 0 0 0 0 
0 0 1 0 0 0 
0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1
A Y (A13)
The b o u n d a ry  c o n d i t i o n  T(0) = 0 and T (H ')  = 0 c a n  be  w r i t t e n  i n  
te rm  o f  cp. The s i x t h  o r d e r  e q u a t i o n  r e d u c e s  t o
I V 11 i v .cp'-’ CO) + b^cp'XO) = 0 , cp^'CH') + b̂ cp'-’-CH') = 0 , (A14)
a t  th e  b o u n d a r i e s .  The b o unda ry  c o n d i t i o n s  i n  m a t r i x  form  a r e
>
= B Y(0) = 0 ,
L"6 j
= D Y( H' )  = 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 b^O 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 b£0 0 0
(A15)
(A16)
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F o r  t h i s  p ro b le m  k  = 3 so  t h a t
^ 1 (1) ? 1 (2) ^ 1 (3 )
? 2 (1) ? 2 (2) ? 2 ( 3 )
? 3 ( 1 ) ^ 3 (2 ) ? 3 (3 )
? 4 ( 1 ) ? 4 (2 ) ? 4 (3 )
? 5 ( 1 ) ^ 5 (2 ) ? 5 ( 3 )
? 6 (1) ? 6 (2) ? 6 ( 3 )
(AI7)
The s o l u t i o n  t o  (34) i s  t h e n
9 ( 2) = 3 i y i ( i )  +  ^2^1 (2) % ^ 1 ( 3 )  '
w h e re  V ^ ^ i y  ^ 1 (2 ) ’ ^ 1 (3) found  from  s o l v i n g
B Y(0) = 0 ,
D Y (H ')  = 0
(A18)
(A19)
Computer p ro g ram s  f o r  th e  s o l u t i o n  o f  t h e  p ro b le m  w ere  a d a p te d  
f rom  G e r s t i n g  (1 9 7 0 ) .
